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Abstract
In this paper, we investigate the global structure of solutions to the Cauchy
problem for the scalar viscous conservation law where the far field states are
prescribed. Especially, we deal with the case when the viscous/diffusive flux
σ(v) ∼ | v |p is of non-Newtonian type (i.e., p > 0), including a pseudo-plastic
case (i.e., p < 0). When the corresponding Riemann problem for the hyperbolic
part admits a Riemann solution which consists of single rarefaction wave, under
a condition on nonlinearity of the viscosity, it has been recently proved by
Matsumura-Yoshida [38] that the solution of the Cauchy problem tends toward
the rarefaction wave as time goes to infinity for the case p > 3/7 without any
smallness conditions. The new ingredients we obtained are the extension to
the stability results in [38] to the case p > 1/3 (also without any smallness
conditions), and furthermore their precise time-decay estimates.
Keywords: viscous conservation law, asymptotic behavior, convex flux,
pseudoplastic-type viscosity, rarefaction wave
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1. Introduction and main theorems
In this paper, we consider the asymptotic behavior of solutions to the Cauchy
problem for a one-dimensional scalar conservation law with nonlinear viscosity{
∂tu+ ∂x
(
f(u)− σ(∂xu)
)
= 0
(
t > 0, x ∈ R ),
u(0, x) = u0(x)→ u± (x→ ±∞).
(1.1)
Email address: 14v00067@gst.ritsumei.ac.jp/jt-bnk68@mail.doshisha.ac.jp
(Natsumi Yoshida)
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Here, u = u(t, x) is the unknown function of t > 0 and x ∈ R, the so-called
conserved quantity, the functions f and −σ stand for the convective flux and
viscous/diffusive one, respectively, u0 is the initial data, and u± ∈ R are the
prescribed far field states. We suppose that f is a smooth function, and σ is a
smooth function satisfying
σ(0) = 0, σ′(v) > 0 (v ∈ R), (1.2)
and for some p > 0
|σ(v) | ∼ | v |p, |σ′(v) | ∼ | v |p−1 ( | v | → ∞ ). (1.3)
A typical example of σ in the field of viscous fluid is
σ(∂xu) = µ
(
1 + | ∂xu |2
) p−1
2 ∂xu. (1.4)
Here µ is a positive constant and the so-called viscous coefficient, which describes
a nonlinear relation between the internal stress σ and the deformation velocity
∂xu (u is the fluid velocity). It should be noted that the cases p > 1, p = 1 and
p < 1 physically correspond to where the fluid is of dilatant type, Newtonian
and pseudo-plastic type, respectively (see [3], [4], [5], [19], [27], [30], [31], [43]
and so on). We are interested in the global structure (existence, uniqueness,
smoothness and time-decay properties) for the solution of (1.1), in particular,
for the pseudo-plastic case p < 1. In this case, recently, Matsumura-Yoshida [38]
first showed in the case p > 3/7 by a technical energy method that the following:
when u− = u+ (=: u˜), then the solution of (1.1) globally tends toward the
constant state u˜ as time goes to infinity, and when u− < u+ and f ′′(u) > 0 (u ∈
R), then the solution of (1.1) a rarefaction wave ur (see (1.7)) as time goes to
infinity. However, the global stabilities were open in the case 0 < p < 3/7, and
their time-decay rates were even open in case 0 < p < 1. Under such a situation,
we have succeeded in proving these global stabilities in the case p > 1/3, and
moreover, obtaining their precise time-decay estimates in this case.
In fact, for the case u− = u+ = u˜, we can show the following.
Theorem 1.1. Assume the far field states satisfy u− = u+ = u˜, the convective
flux f ∈ C3(R), the viscous flux σ ∈ C2(R), (1.2), (1.3) and p > 1/3. Further
assume the initial data satisfy u0− u˜ ∈ H2. Then the Cauchy problem (1.1) has
a unique global in time solution u satisfying

u− u˜ ∈ C0 ∩ L∞([ 0, ∞ ) ;H2 ),
∂xu ∈ L2
(
0, ∞ ;H2 ),
∂tu ∈ C0 ∩ L∞
(
[ 0, ∞ ) ;L2 ) ∩ L2( 0, ∞ ;H1 ),
and the asymptotic behavior

lim
t→∞
sup
x∈R
|u(t, x)− u˜ | = 0, lim
t→∞
sup
x∈R
| ∂xu(t, x) | = 0,
lim
t→∞ ‖ ∂xu(t) ‖H1 = 0, limt→∞ ‖ ∂tu(t) ‖L2 = 0.
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The decay results correspond to Theorem 1.1 are the following.
Theorem 1.2. Under the same assumptions as in Theorem 1.1, the unique
global in time solution u of the Cauchy problem (1.1) has the following time-
decay estimates{
‖ u(t)− u˜ ‖Lq ≤ Cu0 (1 + t)−
1
4 (1− 2q )
(
t ≥ 0 ),
‖ u(t)− u˜ ‖L∞ ≤ Cu0,ǫ (1 + t)−
1
4+ǫ
(
t ≥ 0 ),
for q ∈ [ 2, ∞) and any ǫ > 0.
Theorem 1.3. Under the same assumptions as in Theorem 1.1, if the initial
data further satisfies u0−u˜ ∈ L1, then the unique global in time solution u of the
Cauchy problem (1.1) has the following time-growth and time-decay estimates

‖ u(t)− u˜ ‖L1 ≤ Cu0 max
{
1, ln(1 + t)
} (
t ≥ 0 ),
‖ u(t)− u˜ ‖Lq ≤ Cu0 (1 + t)−
1
2 (1− 1q ) max
{
1, ln(1 + t)
} (
t ≥ 0 ),
‖ u(t)− u˜ ‖L∞ ≤ Cu0,ǫ (1 + t)−
1
2+ǫ
(
t ≥ 0 ),
for q ∈ (1, ∞) and any ǫ > 0.
Theorem 1.4. Under the same assumptions as in Theorem 1.1, the unique
global in time solution u of the Cauchy problem (1.1) has the following time-
decay estimates for the derivatives

‖ ∂xu(t) ‖Lq+1 ≤ Cu0,ǫ (1 + t)−
2q+1
2q+2+ǫ
(
t ≥ 0 ),
‖ ∂xu(t) ‖L∞ ≤ Cu0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ),
‖ ∂tu(t) ‖L2 ≤ Cu0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
‖ ∂2xu(t) ‖L2 ≤ Cu0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
for q ∈ (1, ∞) and any ǫ > 0.
Next, we consider the case where the convective flux function f is fully
convex, that is,
f ′′(u) > 0 (u ∈ R), (1.5)
and u− < u+. Then, since the corresponding Riemann problem (cf. [26], [42])

∂tu+ ∂x
(
f(u)
)
= 0
(
t > 0, x ∈ R ),
u(0, x) = uR0 (x) :=
{
u− (x < 0),
u+ (x > 0),
(1.6)
turns out to admit a single rarefaction wave solution, we expect that the solution
of the Cauchy problem (1.1) globally tends toward the rarefaction wave as time
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goes to infinity. Here, the rarefaction wave connecting u− to u+ is given by
ur
( x
t
; u−, u+
)
=


u−
(
x ≤ f ′(u−) t
)
,
(f ′)−1
(x
t
) (
f ′(u−) t ≤ x ≤ f ′(u+) t
)
,
u+
(
x ≥ f ′(u+) t
)
.
(1.7)
Then we can show the following
Theorem 1.5. Assume the far field states satisfy u− < u+, the convective
flux f ∈ C4(R), (1.5), the viscous flux σ ∈ C2(R), (1.2), (1.3), and p > 1/3.
Further assume the initial data satisfy u0 − uR0 ∈ L2 and ∂xu0 ∈ H1. Then the
Cauchy problem (1.1) has a unique global in time solution u satisfying

u− uR0 ∈ C0 ∩ L∞
(
[ 0, ∞ ) ;L2 ),
∂xu ∈ C0 ∩ L∞
(
[ 0, ∞ ) ;H1 ) ∩ L2loc( 0, ∞ ;H2 ),
∂tu ∈ C0 ∩ L∞
(
[ 0, ∞ ) ;L2 ) ∩ L2loc( 0, ∞ ;H1 ),
and the asymptotic behavior

lim
t→∞
sup
x∈R
∣∣∣u(t, x)− ur ( x
t
; u−, u+
) ∣∣∣ = 0,
lim
t→∞
sup
x∈R
| ∂xu(t, x)− ∂xur ( t, x ; u−, u+ ) | = 0,
lim
t→∞
‖ ∂xu(t)− ∂xur ( t, · ; u−, u+ ) ‖H1 = 0,
lim
t→∞
‖ ∂tu(t)− ∂tur ( t, · ; u−, u+ ) ‖L2 = 0.
where ∂xu
r and ∂tu
r are given by
∂xu
r ( t, x ; u−, u+ ) =


0
(
x ≤ f ′(u−) t
)
,
1
f ′′
(
(f ′)−1
(x
t
) ) 1t ( f ′(u−) t ≤ x ≤ f ′(u+) t ),
0
(
x ≥ f ′(u+) t
)
,
and
∂tu
r ( t, x ; u−, u+ ) =


0
(
x ≤ f ′(u−) t
)
,
−1
f ′′
(
(f ′)−1
(x
t
) ) xt2 ( f ′(u−) t ≤ x ≤ f ′(u+) t ),
0
(
x ≥ f ′(u+) t
)
,
respectively.
The decay results correspond to Theorem 1.5 are the following (see also
Remarks 2.3 and 3.9).
GLOBAL STRUCTURE FOR RAREFACTION WAVE 5
Theorem 1.6. Under the same assumptions as in Theorem 1.5, the unique
global in time solution u of the Cauchy problem (1.1) has the following time-
decay estimates

∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
Lq
≤ Cu0 (1 + t)−
1
4 (1− 2q )
(
t ≥ 0 ),∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
L∞
≤ Cu0,ǫ (1 + t)−
1
4+ǫ
(
t ≥ 0 ),
for q ∈ [ 2, ∞) and any ǫ > 0.
Theorem 1.7. Under the same assumptions as in Theorem 1.5, if the initial
data further satisfies u0 − uR0 ∈ L1, then the unique global in time solution
u of the Cauchy problem (1.1) has the following time-growth and time-decay
estimates

∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
L1
≤ Cu0,ǫ (1 + t)ǫ
(
t ≥ 0 ),∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
Lq
≤ Cu0 (1 + t)−
1
2 (1− 1q ) max
{
1, ln(1 + t)
} (
t ≥ 0 ),∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
L∞
≤ Cu0,ǫ (1 + t)−
1
2+ǫ
(
t ≥ 0 ),
for q ∈ (1, ∞) and any ǫ > 0.
Theorem 1.8. Under the same assumptions as in Theorem 1.5, the unique
global in time solution u of the Cauchy problem (1.1) has the following time-
decay estimates for the derivatives

‖ ∂xu(t)− ∂xur ( 1 + t, · ; u−, u+ ) ‖Lq+1 ≤ Cu0 (1 + t)−
q
q+1
(
t ≥ 0 ),
‖ ∂xu(t)− ∂xur ( 1 + t, · ; u−, u+ ) ‖L∞ ≤ Cu0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ),
‖ ∂tu(t)− ∂tur ( 1 + t, · ; u−, u+ ) ‖L2 ≤ Cu0 (1 + t)−
1
2
(
t ≥ 0 ),
‖ ∂2xu(t)− ∂2xur ( 1 + t, · ; u−, u+ ) ‖L2 ≤ Cu0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
‖ ∂xu(t)− ∂xU r ( t, · ; u−, u+ ) ‖Lq+1 ≤ Cu0,ǫ (1 + t)−
2q+1
2q+2+ǫ
(
t ≥ 0 ),
‖ ∂xu(t)− ∂xU r ( t, · ; u−, u+ ) ‖L∞ ≤ Cu0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ),
‖ ∂tu(t)− ∂tU r ( t, · ; u−, u+ ) ‖L2 ≤ Cu0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
‖ ∂2xu(t)− ∂2xU r ( t, · ; u−, u+ ) ‖L2 ≤ Cu0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
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for q ∈ [ 1, ∞) and any ǫ > 0, where ∂2xur is given by
∂2xu
r ( t, x ; u−, u+ ) =


0
(
x ≤ f ′(u−) t
)
,
−f ′′′
(
(f ′)−1
(x
t
) )
(
f ′′
(
(f ′)−1
(x
t
) ))3 1t2 ( f ′(u−) t ≤ x ≤ f ′(u+) t ),
0
(
x ≥ f ′(u+) t
)
,
and U r is a smooth approximation for ur which is defined by (3.1).
Now let us review the known results concerning the nonlinear stabilities
of various of nonlinear waves to the Cauchy problem (1.1). For the case p = 1
(Newtonian type viscosity), global stability of both rarefaction wave and viscous
shock wave were first obtained by Il’in-Ole˘ınik [18]. Harabetian [11] further
obtained in the case p = 1 (and more general case (1.8)) that the precise time-
decay estimates of global stability of single rarefaction wave if the far field
states satisfy 0 ≤ u− < u+ or 0 < u− < u+, with the aid of the arguments on
monotone semigroups associated with the following type quasilinear parabolic
equations
∂tu+ ∂x
(
f(u)−A′(u) ∂xu
)
= 0, (1.8)
where A′(u) ≥ 0 (u ∈ R), by Osher-Ralston [39] (see Remark 1.10, see also [6]).
In particular, for the Burgers case, that is, f(u) = u2/2 (u ∈ R) and A(u) =
u (u ∈ R), under the condition u− < u+, Hattori-Nishihara [14] obtained the
precise poinwise and time-decay estimates of the difference |u−ur| (see Remark
1.10). For the case p > 1 (dilatant type viscosity, where the viscosity also
originated from the Ladyzˇenskaja model, see [9], [24]), when the convective flux
satisfies (1.5) and viscous flux is even the Ostwald-de Waele type (p-Laplacian
type, see [7], [40]), that is,
σ(v) = µ | v |p−1 v, (1.9)
Matsumura-Nishihara [35] proved that if u− = u+ = u˜, then the solution glob-
ally tends toward the constant state u˜, and if u− < u+, then toward the single
rarefaction wave (cf. [53]). Yoshida [48] also obtained the precise time-decay es-
timates of the solution toward the constant state and the single rarefaction wave.
For p > 3/7, Matsumura-Yoshida [37] very recently showed that if u− = u+ = u˜,
then the solution globally tends toward the constant state u˜, and if u− < u+,
then toward the rarefaction wave (see Remark 5.6). For p ≥ 1, it is further
considered a case where the flux function f is smooth and convex on the whole
R except a finite interval I := (a, b) ⊂ R, and linearly degenerate on I, that is,{
f ′′(u) > 0
(
u ∈ (−∞, a ] ∪ [ b, ∞) ),
f ′′(u) = 0
(
u ∈ (a, b) ). (1.10)
Under the conditions p = 1, u− < u+, (1.8) and (1.9), it has been proved by
Matsumura-Yoshida [37] that the unique global in time solution to the Cauchy
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problem (1.1) globally tends toward the multiwave pattern of the combination
of the rarefaction waves and the viscous contact wave as time goes to infinity,
where the viscous contact wave is given by
U
(
x− λ˜ t√
t
; u−, u+
)
:= u− +
u+ − u−√
π
∫ x−λ˜t√
4µt
−∞
e−ξ
2
dξ
(
λ˜ :=
f(b)− f(a)
b− a
)
,
(1.11)
which is constructed by the linear heat kernel (in detail, see Section 10, see also
[52]). Also the precise time-decay estimates of above stability was obtained by
Yoshida [46]. Yoshida further proved under the conditions p > 1, u− < u+,
(1.8) and (1.9) that the global stability of the multiwave pattern to the Cauchy
problem (1.1) (see [48], [49]), and obtained its precise time-decay estimates (see
[50]). The multiwave pattern is the combination of the rarefaction waves and
the viscous contact wave which is given by
U
(
x− λ˜ t
t
1
p+1
; u−, u+
)
:= u− +
∫ x−λ˜t
t
1
p+1
−∞
(
max
{
A−B ξ2, 0}) 1p−1 dξ, (1.12)
where ∫ ∞
−∞
(
max
{
A−B ξ2, 0}) 1p−1 dξ = |u+ − u− |,
which is constructed by the Barenblatt-Kompaneec-Zel’dovicˇ solution (see also
[1], [2], [15], [20], [41], [44], [45], [54]) of the porous medium equation. On the
other hand, under the Rankine-Hugoniot condition
− s (u+ − u−) + f(u+)− f(u−) = 0, (1.13)
and Ole˘ınik’s shock condition
−s (u− u± ) + f(u)− f(u±)
{
< 0
(
u ∈ (u+, u−)
)
,
> 0
(
u ∈ (u−, u+)
)
,
(1.14)
the local asymptotic stability of single viscous shock wave is proved for p = 1
by Matsumura-Nishihara [36] (and moreover, they obtained its precise time-
decay estimates), and recently for any p > 0, more generally, for the case where
smooth σ satisfies
σ(0) = 0, σ′(v) > 0 (v ∈ R), lim
v→±∞
σ(v) = ±∞, (1.15)
by Yoshida [51]. Also in the case p = 1, under (1.13) and Lax’ shock condition
f ′(u+) < s < f ′(u−) (u− > u+), (1.16)
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Freistu¨hler-Serre [10] obtained the L1-global asymptotic stability of single vis-
cous shock wave, and its pointwise decay estimates were also obtained by Deng-
Wang [8]. Furthermore, for p < 0 (in particular, for p = −1), Kurganov-Levy-
Rosenau [16] investigated the existence, uniqueness and smoothness of a solution
to the conservation law with nonmonotonic viscous flux, that is,
σ(∂xu) = ±µ ∂xu
1 + | ∂xu |2 . (1.17)
The proofs of Theorems 1.1 and 1.5 are given by the technical energy method.
Also the proofs of Theorems 1.2-1.4 and 1.6-1.8 are given by the technical time-
weighted energy method (see Hashimoto-Ueda-Kawashima [12]) and the boot-
strap argument by Yoshida [47], [49]. Because the proofs of Theorems 1.1-1.4
and the proofs of Theorem 1.2-1.8 with p ≥ 1 are much easier than that of
Theorems 1.2-1.8 with 0 < p < 1, we only show Theorems 1.2-1.8 under the
assumption 0 < p < 1 in the present paper.
Remark 1.9. The global structure (the existence, uniqueness, smoothness and
time-decay properties) of the solution to (1.1) in all above Theorems 1.1-1.8
coincides with that in the case where the viscous flux is linear, that is σ(∂xu) =
µ∂xu in (1.1).
Remark 1.10. Under the condition 0 ≤ u− < u+ or 0 < u− < u+, Harabetian
[11] obtained that the solution to (1.8) has the following time-decay properties:
for f ′′(u) > 0 (u ∈ R) and A′(u) ≥ 0 (u ∈ R),∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
Lq
≤ C (1 + t)− 12 (1− 1q ) ( ln(1 + t) ) 12 (1+ 1q ) ( t ≥ 0 ), (1.18)
and for f(u) = u2/2 (u ∈ R) and A(u) = u (u ∈ R) (Burgers case),∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
Lq
∼ (1 + t)− 12 (1− 1q ) ( t ≥ 0 ), (1.19)
for q ∈ [ 1, ∞ ]. Also in such Burgers case, under the conditions
u− < u+, u0 − uR0 ∈ L1,
∫ ∞
−∞
(
u0(x) − uR0 (x)
)
dx = 0, (1.20)
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the pointwise and time-decay estimates obtained by Hattori-Nishihara [14] are∣∣∣u(t, x)− ur ( x
t
; u−, u+
) ∣∣∣
≤ C


( |x− u− t |−1 + |x− u+ t |−1 )(
u− t+K
√
2 t ≤ x ≤ u+ t−K
√
2 t
)
,
t−
1
2
(
u+ t−K
√
2 t ≤ x ≤ u+ t+K
√
2 t
)
,
t−
1
2
(
u− t−K
√
2 t ≤ x ≤ u− t+K
√
2 t
)
,
min
{
t−
1
2 , t−
1
2 e−(1−θ)
|x−u+t|
2
2t + sup
2|η|≥θ|x−u+t|
|u0(η)− u+ |
}
(
x ≥ u+ t+K
√
2 t
)
,
min
{
t−
1
2 , t−
1
2 e−(1−θ)
|x−u−t|
2
2t + sup
2|η|≥θ|x−u−t|
|u0(η)− u− |
}
(
x ≤ u− t−K
√
2 t
)
(
t > 0, x ∈ R ),
(1.21)
where K ≫ 1 and θ ∈ (0, 1), and∥∥∥u(t)− ur ( ·
t
; u−, u+
) ∥∥∥
Lq
≤ C t− 12 (1− 1q ) (t > 0), (1.22)
for q ∈ [ 1, ∞ ], respectively. From these decay results, we note that the time-
decay rates in (1.18), (1.19) and (1.22) are almost the same as the rates in both
Theorems 1.3 and 1.7.
This paper is organized as follows. In Section 2, we prepare the basic prop-
erties of the rarefaction wave. In Section 3, we reformulate the problem in terms
of the deviation from the asymptotic state. Also, in order to show the global
existence and asymptotic behavior of solution to the reformulated problem, we
show the strategy how the local existence and the a priori estimates are com-
bined. In Sections 4 and 5, we give the proof of the a priori estimates step by
step by using the technical energy method. In Sections 6-9, we further give the
proof of time-decay estimates step by step by using the technical time-weighted
energy method with the help of all previous sections. Finally in Section 10,
we considere the global structure of the conservation law without the convec-
tive term, and compare the structure with that in Section 1 and some known
properties on the viscous contact wave.
Some Notation. We denote by C generic positive constants unless they
need to be distinguished. In particular, use Cα,β,··· when we emphasize the
dependency on α, β, · · · . For function spaces, Lp = Lp(R) and Hk = Hk(R)
denote the usual Lebesgue space and k-th order Sobolev space on the whole
space R with norms || · ||Lp and || · ||Hk , respectively.
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2. Preliminaries
In this section, we prepare a couple of lemmas concerning with the basic
properties of the rarefaction wave. Since the rarefaction wave ur is not smooth
enough, we need some smooth approximated one. We start with the rarefaction
wave solution wr to the Riemann problem for the non-viscous Burgers equation:

∂tw + ∂x
( 1
2
w2
)
= 0
(
t > 0, x ∈ R ),
w(0, x) = wR0 (x ; w−, w+ ) :=
{
w+ (x > 0),
w− (x < 0),
(2.1)
where w± ∈ R are the prescribed far field states satisfying w− < w+. The
unique global weak solution w = wr ( x/t ; w−, w+ ) of (2.1) is explicitly given
by
wr
( x
t
; w−, w+
)
=


w−
(
x ≤ w− t
)
,
x
t
(
w− t ≤ x ≤ w+ t
)
,
w+
(
x ≥ w+ t
)
.
(2.2)
Next, under the condition f ∈ C4(R) with f ′′(u) > 0 (u ∈ R) and u− < u+, the
rarefaction wave solution u = ur (x/t ; u−, u+ ) of the Riemann problem (1.6)
for hyperbolic conservation law is exactly given by
ur
( x
t
; u−, u+
)
= (λ)−1
(
wr
( x
t
; λ−, λ+
) )
(2.3)
which is nothing but (1.7), where λ(u) := f ′(u) and λ± := λ(u±) = f ′(u±).
We define a smooth approximation of wr(x/t ; w−, w+ ) by the unique classical
solution
w = w( t, x ; q, w−, w+ ) ∈ C∞
(
[ 0, ∞ )× R )
to the Cauchy problem for the following non-viscous Burgers equation

∂tw + ∂x
( 1
2
w2
)
= 0
(
t > 0, x ∈ R ),
w(0, x) = w0(x)
:=
w− + w+
2
+
w+ − w−
2
Kq
∫ x
0
dy
(1 + y2)q
(x ∈ R),
(2.4)
where Kq is a positive constant such that
Kq
∫ ∞
0
dy
(1 + y2)q
= 1
(
q >
1
2
)
.
By applying the method of characteristics, we get the following formula

w(t, x) = w0
(
x0(t, x)
)
=
λ− + λ+
2
+
λ+ − λ−
2
Kq
∫ x0(t,x)
0
dy
(1 + y2)q
,
x = x0(t, x) + w0
(
x0(t, x)
)
t.
(2.5)
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By making use of (2.5) similarly as in [33], we obtain the properties of the
smooth approximation w = w( t, x ; q, w−, w+ ) in the next lemma.
Lemma 2.1. Assume q > 1/2 and w− < w+. Then the classical solution
w = w( t, x ; q, w−, w+ ) given by (2.5) satisfies the following properties.
(1) w− < w(t, x) < w+ and ∂xw(t, x) > 0
(
t > 0, x ∈ R ).
(2) For any r ∈ [ 1, ∞ ], there exists a positive constant Cw±,q,r such that
‖ ∂xw(t) ‖Lr ≤ Cw±,q,r (1 + t)−1+
1
r
(
t ≥ 0 ),
‖ ∂tw(t) ‖Lr ≤ Cw±,q,r (1 + t)−1+
1
r
(
t ≥ 0 ),
‖ ∂2xw(t) ‖Lr ≤ Cw±,q,r (1 + t)−1−
1
2q (1− 1r )
(
t ≥ 0 ),
‖ ∂3xw(t) ‖Lr ≤ Cw±,q,r (1 + t)−1−
1
2q (2− 1r )
(
t ≥ 0 ).
(3) lim
t→∞ supx∈R
∣∣∣w(t, x) − wr (x
t
) ∣∣∣ = 0.
(4) There exists a positive constant Cw±,q such that
|w(t, x) − w− |
≤ Cw±,q min
{ (
1 + |x− w− t |
)−2q+1
, (1 + t)−
2q−1
2q
} (
t ≥ 0, x ≤ w− t
)
,
| ∂xw(t, x) | ∼ | ∂tw(t, x) |
≤ Cw±,q
(
1 + |x− w− t |2q + t
)−1 (
t ≥ 0, x ≤ w− t
)
.
(5) There exists a positive constant Cw±,q such that
|w(t, x) − w+ |
≤ Cw±,q min
{ (
1 + |x− w+ t |
)−2q+1
, (1 + t)−
2q−1
2q
} (
t ≥ 0, x ≥ w+ t
)
,
| ∂xw(t, x) | ∼ | ∂tw(t, x) |
≤ Cw±,q
(
1 + |x− w+ t |2q + t
)−1 (
t ≥ 0, x ≥ w+ t
)
.
(6) There exists a positive constant Cw±,q such that∣∣∣∣w(t, x) − x1 + t
∣∣∣∣ ≤ Cw±,q (1 + t)− 2q−12q ( t ≥ 0, w− t ≤ x ≤ w+ t ),
∣∣∣∣ ∂xw(t, x) − 11 + t
∣∣∣∣ ∼
∣∣∣∣ ∂tw(t, x) + x(1 + t)2
∣∣∣∣
≤ Cw±,q (1 + t)−1
(
t ≥ 0, w− t ≤ x ≤ w+ t
)
.
Proof of Lemma 2.1. The proofs of (1)-(3) in Lemma 2.1 are well-
known and given in [13], [14], [29], [33], [37], [46], and so on, instead of the
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decay estimate ‖ ∂tw ‖Lr in (2). However, this estimate is immediately given by
| ∂tw(t, x) | ∼ | ∂xw(t, x) |. We also note that the proofs of (5)-(6) are similarly
given as that of (5). Therefore, we only give the proof of (5).
First, direct calculation shows from (2.5) that
x0(t, w+ t) =
(
w+ − w0
(
x0(t, w+ t)
) )
t
=
w+ − w−
2
Kq t
∫ x0(t,x)
0
dy
(1 + y2)q
∼ (x0(t, w+ t) )−2q+1 t ( t ≥ 0, x ≥ w+ t ).
(2.6)
Therefore,
x0(t, w+ t) ∼ t
1
2q
(
t ≥ 0, x ≥ w+ t
)
. (2.7)
We also note from (2.5) that
w0
(
x0(t, w+ t)
) ≤ w0(x0(t, x) ) = w(t, x) ( t ≥ 0, x ≥ w+ t ) (2.8)
since
w′0(x0) =
w+ − w−
2
Kq
(1 + x20)
q
> 0
(
t ≥ 0, x ≥ w+ t
)
. (2.9)
Then, we can estimate by using (2.7) and (2.8) as
|w(t, x) − w+ | ≤ w+ − w0
(
x0(t, w+ t)
)
=
x0(t, w+ t)
t
∼ t−1+ 12q ( t > 0, x ≥ w+ t ).
(2.10)
On the other hand, we can also estimate as
|w(t, x) − w+ | = w+ − w−
2
Kq
∫ x0(t,x)
0
dy
(1 + y2)q
∼ ( 1 + x0(t, x) )−2q+1
≤ ( 1 + |x− w+ t | )−2q+1 ( t ≥ 0, x ≥ w+ t ).
(2.11)
From (2.10) and (2.11), we have the pointwise estimate of |w(t, x) − w+ |.
We also have the pointwise estimate of | ∂xw(t, x) | from
| ∂xw(t, x) | =
w′0
(
x0(t, x)
)
1 + w′0
(
x0(t, x)
)
t
∼ 1
1 +
(
x0(t, x)
)2q
+ t
(
t ≥ 0, x ≥ w+ t
)
.
Therefore, we have (5).
Thus, the proof of Lemma 2.1 is completed.
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By using w, we now define the approximation for the rarefaction wave
ur (x/t ; u−, u+ ) by
U r( t, x ; q, u−, u+ ) = (λ)−1
(
w( t, x ; q, λ−, λ+ )
)
, (2.12)
Noting the assumption of the convective flux f , we have the next lemma (see
also Remark 3.9).
Lemma 2.2. Assume q > 1/2, u− < u+ and f ∈ C4(R) with f ′′(u) > 0 (u ∈
R). Then the approximation U r1 defined by (2.6) satisfies the following proper-
ties.
(1) U r(t, x) defined by (2.6) is the unique C3-global solution to the Cauchy prob-
lem

∂tU
r + ∂x
(
f(U r)
)
= 0
(
t > 0, x ∈ R ),
U r(0, x) = (λ)−1
(
λ− + λ+
2
+
λ+ − λ−
2
Kq
∫ x
0
dy
(1 + y2)q
)
(x ∈ R),
lim
x→±∞U
r(t, x) = u±
(
t ≥ 0 ).
(2) u− < U r(t, x) < u+ and ∂xU r(t, x) > 0
(
t > 0, x ∈ R ).
(3) For any r ∈ [ 1, ∞ ], there exists a positive constant Cq,r such that
‖ ∂xU r(t) ‖Lr ≤ Cλ±,q,r (1 + t)−1+
1
r
(
t ≥ 0 ),
‖ ∂tU r(t) ‖Lr ≤ Cλ±,q,r (1 + t)−1+
1
r
(
t ≥ 0 ),
‖ ∂2xU r(t) ‖Lr ≤ Cλ±,q,r (1 + t)−1−
1
2q (1− 1r )
(
t ≥ 0 ),
‖ ∂3xU r(t) ‖Lr ≤ Cλ±,q,r (1 + t)−1−
1
2q (2− 1r )
(
t ≥ 0 ).
(4) lim
t→∞ supx∈R
∣∣∣U r(t, x) − ur (x
t
) ∣∣∣ = 0.
(5) There exists a positive constant Cλ±,q such that
|U r(t, x)− u− |
≤ Cλ±,q min
{(
1 + |x− λ− t |
)−2q+1
, (1 + t)−
2q−1
2q
} (
t ≥ 0, x ≤ λ− t
)
,
| ∂xU r(t, x) | ∼ | ∂tU r(t, x) |
≤ Cλ±,q
(
1 + |x− λ− t |2q + t
)−1 (
t ≥ 0, x ≤ λ− t
)
.
(6) There exists a positive constant Cλ±,q such that
|U r(t, x)− u+ |
≤ Cλ±,q min
{(
1 + |x− λ+ t |
)−2q+1
, (1 + t)−
2q−1
2q
} (
t ≥ 0, x ≥ λ+ t
)
,
| ∂xU r(t, x) | ∼ | ∂tU r(t, x) |
≤ Cλ±,q
(
1 + |x− λ+ t |2q + t
)−1 (
t ≥ 0, x ≥ λ+ t
)
.
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(7) There exists a positive constant Cλ±,q such that∣∣∣∣U r(t, x)− λ−1
(
x
1 + t
) ∣∣∣∣ ≤ Cλ±,q (1 + t)− 2q−12q ( t ≥ 0, λ− t ≤ x ≤ λ+ t ),∣∣∣∣ ∂xU r(t, x) − ∂x
(
λ−1
(
x
1 + t
)) ∣∣∣∣
∼
∣∣∣∣ ∂tU r(t, x)− ∂t
(
λ−1
(
x
1 + t
)) ∣∣∣∣ ≤ Cλ±,q (1 + t)−1 ( t ≥ 0, λ− t ≤ x ≤ λ+ t ).
(8) There exists a positive constant Cλ±,q such that∥∥∥∥U r(t, · )− ur
( ·
1 + t
)∥∥∥∥
Lr
≤ Cλ±,q
∣∣∣∣ 2(2 q − 1) (1− θ) r − 1
∣∣∣∣
1
r
(1 + t)(−1+
1
2q )θ
+ Cλ±,q |λ+ − λ− |
1
r (1 + t)−1+
1
r
+ 12q
(
t ≥ 0),
where θ ∈ [ 0, 1 ] and r ∈ [ 1, ∞ ] satisfying (2 q − 1) (1− θ) r > 1.
(9) There exists a positive constant Cλ±,q such that∥∥∥∥U r(t, · )− ur
( ·
1 + t
)∥∥∥∥
Lr
≤ Cλ±,q max
{ ∣∣∣∣ 22 q − 1
∣∣∣∣
1
r
, |λ+ − λ− | 1r
}
(1 + t)−1+
1
r
+ 12q
(
t ≥ 0),
where 2 q/(2 q − 1) ≤ r ≤ ∞.
(10) There exists a positive constant Cλ±,q such that
‖ ∂xU r(t, · )− ∂xur(1 + t, · ) ‖Lr ∼ ‖ ∂tU r(t, · )− ∂tur(1 + t, · ) ‖Lr
≤ Cλ±,q max
{ ∣∣∣∣ 22 q − 1
∣∣∣∣
1
r
, |λ+ − λ− | 1r
}
(1 + t)−1+
1
r
(
t ≥ 0),
where r ∈ [ 1, ∞ ].
(11) There exists a positive constant Cλ±,q such that
‖ ∂2xU r(t, · )− ∂2xur(1 + t, · ) ‖L2 ≤ Cλ±,q (1 + t)−1−
1
4q
(
t ≥ 0).
Proof of Lemma 2.2. Because the proofs of (1)-(7) in Lemma 2.2 are
easily given by Lemma 2.1 and the proof of (10) is similarly given as the proofs
of (8) and (9), we only give the proofs of (8), (9) and (11).
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We first note by using (5) that for any θ ∈ [ 0, 1 ],
|U r(t, x) − u− |
≤ Cλ±,q (1 + t)(−1+
1
2q )θ
(
1 + |x− λ− t |
)−(2q−1)(1−θ) (
t ≥ 0, x ≤ λ− t
)
.
(2.13)
For 1 ≤ r <∞, we then have∫ λ−t
−∞
|U r(t, x)− u− |r dx
≤
Crλ±,q
(2 q − 1) (1− θ) r − 1 (1 + t)
(−1+ 12q )rθ
(
t ≥ 0 ; θ ∈ [ 0, 1 ] )
(2.14)
when (2 q − 1) (1− θ) r > 1. Similarly by using (5) and (6), we also have∫ ∞
λ+t
|U r(t, x)− u+ |r dx
≤
Crλ±,q
(2 q − 1) (1− θ) r − 1 (1 + t)
(−1+ 12q )rθ
(
t ≥ 0 ; θ ∈ [ 0, 1 ] )
(2.15)
when (2 q − 1) (1− θ) r > 1, and∫ λ+t
λ−t
∣∣∣∣U r(t, x)− λ−1
(
x
1 + t
) ∣∣∣∣
r
dx ≤ Crλ±,q |λ+−λ− | (1+t)(−1+
1
2q )r+1
(
t ≥ 0 ),
(2.16)
respectively. Therefore, combining (2.14), (2.15) and (2.16), we immediately
get the Lr-estimate in (8) with q > 1/2, θ ∈ [ 0, 1 ] and r ∈ [ 1, ∞) satisfying
(2 q − 1) (1− θ) r > 1. Also taking the limit r→∞ to this, we have (8).
Next, we show (9). If we choose
θ = 1− 2 q
r (2 q − 1) ∈ [ 0, 1 ]
(
0 <
2 q
2 q − 1 ≤ r
)
in order to satisfy (
−1 + 1
2 q
)
r θ =
(
−1 + 1
2 q
)
r + 1,
then (8) immediately becomes (9).
We finally show (11). By using (3) in Lemma 2.2, we have
‖ ∂2xU r(t, · )− ∂2xur(1 + t, · ) ‖2L2
≤ ‖ ∂2xU r(t) ‖2L2 +
1
(1 + t)4
∫ λ+t
λ−t
∣∣∣∣λ′′
(
λ−1
(
x
1 + t
) ) ∣∣∣∣
2
∣∣∣∣λ′
(
λ−1
(
x
1 + t
) ) ∣∣∣∣
6 dx
≤ Cλ±,q (1 + t)−2−
1
2q + Cλ±,q (1 + t)
−3 ( t ≥ 0 ).
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Therefore, we have (11).
Thus, the proof of Lemma 2.2 is completed.
Remark 2.3. Now rewriting q and r, in (8) and (9), as s and q, respectively,
we have∥∥∥∥U r(t, · )− ur
( ·
1 + t
)∥∥∥∥
Lq
≤ Cλ±,q,ǫ (1 + t)−1+
1
q
+ǫ
(
t ≥ 0), (2.17)
for q ∈ [ 1, ∞ ] by choosing s = 1/(2 ǫ)≫ 1 (0 < ǫ≪ 1), and∥∥∥∥U r(t, · )− ur
( ·
1 + t
)∥∥∥∥
Lq
≤ Cλ±,q (1 + t)−
1
2+
1
q
(
t ≥ 0), (2.18)
for q ∈ [ 2, ∞ ] by choosing
s = max
q≥2
2 q
3 q − 2 = 1
in order to satisfy
−1
4
(
1− 2
q
)
≤ −1 + 1
q
+
1
2 s
(compare (2.17) with Lq-estimates of φ in Theorem 3.7, and (2.18) with that of
φ in Theorem 3.5).
3. Reformulation of the problem
In this section, we reformulate our problem (1.1) in terms of the deviation
from the asymptotic state. To do that, using (2.12), and noting Remark 2.3 (in
particular, (2.17) and (2.18)), we prepare two approximations U r1 and U
r
2 for
the rarefaction wave ur (x/t ; u−, u+ ), that is,
U r1 ( t, x ; u−, u+ ) := (λ)
−1(w( t, x ; q = 1, λ−, λ+ ) ), (3.1)
U r2 ( t, x ; u−, u+ ) := (λ)
−1(w( t, x ; q = r, λ−, λ+ ) ) (r ≫ 1). (3.2)
Now letting
u(t, x) = U r1 (t, x) + φ(t, x), (3.3)
we reformulate the problem (1.1) in terms of the deviation φ from U r1 as

∂tφ+ ∂x
(
f(φ+ U r1 )− f(U r1 )
)
−∂x
(
σ( ∂xφ+ ∂xU
r
1 )− σ( ∂xU r1 )
)
= ∂x
(
σ( ∂xU
r
1 )
) (
t > 0, x ∈ R ),
φ(0, x) = φ0(x) := u0(x)− U r1 (0, x)→ 0 (x→ ±∞).
(3.4)
Then we look for the unique global in time solution φ which has the asymptotic
behavior
sup
x∈R
( |φ(t, x) | + | ∂xφ(t, x) | )→ 0 (t→∞). (3.5)
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Here we note that φ0 ∈ H2 by the assumptions on u0, and Lemma 2.2. Then
the corresponding theorem for φ to Theorem 1.2 we should prove is as follows.
Theorem 3.1. Assume the far field states satisfy u− < u+, the convective
flux f ∈ C4(R), (1.5), the viscous flux σ ∈ C2(R), (1.2), (1.3), and p > 1/3.
Further assume the initial data satisfy φ0 ∈ H2. Then the Cauchy problem (3.4)
has a unique global in time solution φ satisfying

φ ∈ C0 ∩ L∞( [ 0, ∞ ) ;H2 ),
∂xφ ∈ L2
(
0, ∞ ;H2 ),
∂tφ ∈ C0
(
[ 0, ∞ ) ;L2 ) ∩ L2( 0, ∞ ;H1 ),
and the asymptotic behavior
lim
t→∞
sup
x∈R
( |φ(t, x) | + | ∂xφ(t, x) | ) = 0,
lim
t→∞
( ‖ ∂tφ(t) ‖L2 + ‖ ∂xφ(t) ‖H1 ) = 0.
Theorem 3.1 is shown by combining the local existence of the solution to-
gether with the a priori estimates. To state the local existence precisely, the
Cauchy problem at general initial time τ ≥ 0 with the given initial data φτ ∈ H2
is formulated as follows.

∂tφ+ ∂x
(
f(φ+ U r1 )− f(U r1 )
)
−∂x
(
σ
(
∂xφ+ ∂xU
r
1
)− σ( ∂xU r1 ) ) = ∂x( σ( ∂xU r1 ) ) ( t > τ, x ∈ R ),
φ(τ, x) = φτ (x) := uτ (x)− U r1 (τ, x)→ 0 (x→ ±∞).
(3.6)
Theorem 3.2 (local existence). For any M > 0, there exists a positive con-
stant t0 = t0(M) not depending on τ such that if φτ ∈ H2 and ‖φτ ‖H2 ≤M ,
then the Cauchy problem (3.6) has a unique solution φ on the time interval
[ τ, τ + t0(M) ] satisfying{
φ ∈ C0( [ τ, τ + t0 ] ;H2 ) ∩ L2( τ, τ + t0 ;H3 ),
∂tφ ∈ C0
(
[ τ, τ + t0 ] ;L
2
) ∩ L2( τ, τ + t0 ;H1 ).
Because the proof of Theorem 3.2 is similar to the one in Yoshida [52], we omit
the details here (cf. [22], [23], [25], [28], [48], [49]). The a priori estimates we
establish in Sections 4 and 5 are the following.
Theorem 3.3 (a priori estimates). Under the same assumptions as in The-
orem 3.1, for any initial data φ0 ∈ H2, there exists a positive constant Cφ0
such that if the Cauchy problem (3.4) has a solution φ on a time interval [ 0, T ]
satisfying {
φ ∈ C0( [ 0, T ] ;H2 ) ∩ L2( 0, T ;H3 ),
∂tφ ∈ C0
(
[ 0, T ] ;L2
) ∩ L2( 0, T ;H1 ),
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for some constant T > 0, then it holds that
‖φ(t) ‖2H2 + ‖ ∂tφ(t) ‖2L2 +
∫ t
0
∥∥ (√ ∂xU r1 φ )(τ)∥∥2L2 dτ
+
∫ t
0
( ‖ ∂xφ(τ) ‖2H2 + ‖ ∂tφ(τ) ‖2H1 ) dτ ≤ Cφ0 ( t ∈ [ 0, T ] ).
(3.7)
Once Theorem 3.3 is established, by combining the local existence Theorem 3.2
with M =M0 :=
√
Cφ0 , τ = n t0(M0), and φτ = φ
(
n t0(M0)
)
(n = 0, 1, 2, . . . )
together with the a priori estimates with T = (n + 1) t0(M0) inductively, the
unique solution of (3.5){
φ ∈ C0( [ 0, n t0(M0) ] ;H2 ) ∩ L2( 0, n t0(M0) ;H3 ),
∂tφ ∈ C0
(
[ 0, n t0(M0) ] ;L
2
) ∩ L2( 0, n t0(M0) ;H1 )
for any n ∈ N is easily constructed, that is, the global in time solution{
φ ∈ C0( [ 0, ∞ ) ;H2 ) ∩ L2loc( 0, ∞ ;H3 ),
∂tφ ∈ C0
(
[ 0, ∞ ) ;L2 ) ∩ L2( 0, ∞ ;H1 ).
Then, the a priori estimates again assert that

sup
t≥0
( ‖φ(t) ‖H2 + ‖ ∂tφ(t) ‖L2 ) <∞,
∫ ∞
0
( ‖ ∂xφ(t) ‖2H2 + ‖ ∂tφ(t) ‖2H1 ) dt <∞,
(3.8)
which easily gives ∫ ∞
0
∣∣∣∣ ddt‖ ∂xφ(t) ‖2L2
∣∣∣∣ dt <∞. (3.9)
Hence, it follows from (3.8) and (3.9) that
‖ ∂xφ(t) ‖L2 → 0 (t→∞). (3.10)
Due to the Sobolev inequality, the desired asymptotic behavior in Theorem 3.1
is obtained as
sup
x∈R
|φ(t, x) | ≤
√
2 ‖φ(t) ‖
1
2
L2‖ ∂xφ(t) ‖
1
2
L2 → 0 (t→∞), (3.11)
sup
x∈R
| ∂xφ(t, x) | ≤
√
2 ‖ ∂xφ(t) ‖
1
2
L2‖ ∂2xφ(t) ‖
1
2
L2 → 0 (t→∞). (3.12)
Further, we can show (for the proof, see Lemma 5.5)∫ ∞
0
∣∣∣∣ ddt‖ ∂tφ(t) ‖2L2
∣∣∣∣dt <∞. (3.13)
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Hence, it also follows from (3.8) and (3.13) that
‖ ∂tφ(t) ‖L2 → 0 (t→∞), (3.14)
and by using (3.4) that
‖ ∂2xφ(t) ‖L2 → 0 (t→∞). (3.15)
Thus, Theorem 3.1 is shown by combining Theorem 3.2 together with Theorem
3.3.
Next, we consider the time-decay estimates. In order to state them precisely
(in partuclar, the derivatives, Theorem 1.8, see Remark 3.9), we also let
u(t, x) = U r2 (t, x) + ψ(t, x), (3.16)
we reformulate the problem (1.1) in terms of the deviation ψ from U r2 as

∂tψ + ∂x
(
f(ψ + U r2 )− f(U r2 )
)
−∂x
(
σ( ∂xψ + ∂xU
r
2 )− σ( ∂xU r2 )
)
= ∂x
(
σ( ∂xU
r
2 )
) (
t > 0, x ∈ R ),
ψ(0, x) = ψ0(x) := u0(x)− U r2 (0, x)→ 0 (x→ ±∞).
(3.17)
We note that, if the above theorems for φ, Theorems 3.1-3.3, are proved, then
by Lemma 2.2, we can similarly prove that ψ defined by (3.16) satisfies the same
results as in Theorems 3.1-3.3 (cf. [38]), in particular,
Theorem 3.4. Assume the far field states satisfy u− < u+, the convective
flux f ∈ C4(R), (1.5), the viscous flux σ ∈ C2(R), (1.2), (1.3), and p > 1/3.
Further assume the initial data satisfy ψ0 ∈ H2. Then the Cauchy problem (3.4)
has a unique global in time solution φ satisfying

ψ ∈ C0 ∩ L∞( [ 0, ∞ ) ;H2 ),
∂xψ ∈ L2
(
0, ∞ ;H2 ),
∂tψ ∈ C0
(
[ 0, ∞ ) ;L2 ) ∩ L2( 0, ∞ ;H1 ),
with
sup
t≥0
( ‖ψ(t) ‖H2 + ‖ ∂tψ(t) ‖L2 )
+
∫ ∞
0
( ‖ ∂xψ(t) ‖2H2 + ‖ ∂tψ(t) ‖2H1 ) dt ≤ Cψ0 ,
and the asymptotic behavior
lim
t→∞ supx∈R
( |ψ(t, x) |+ | ∂xψ(t, x) | ) = 0,
lim
t→∞
( ‖ ∂tψ(t) ‖L2 + ‖ ∂xψ(t) ‖H1 ) = 0.
GLOBAL STRUCTURE FOR RAREFACTION WAVE 20
Thus, by Lemma 2.2 and Remark 2.3, Theorems 3.1 and 3.4, the correspond-
ing time-decay theorems for φ and ψ to Theorems 1.6, 1.7 and 1.8 we should
prove are the following.
Theorem 3.5. Under the same assumptions as in Theorem 3.1, the unique
global in time solution φ of the Cauchy problem (3.4) has the following time-
decay estimates{
‖φ(t) ‖Lq ≤ Cφ0 (1 + t)−
1
4 (1− 2q )
(
t ≥ 0 ),
‖φ(t) ‖L∞ ≤ Cφ0,ǫ (1 + t)−
1
4+ǫ
(
t ≥ 0 ),
for q ∈ [ 2, ∞) and any ǫ > 0.
Theorem 3.6. Under the same assumptions as in Theorem 3.1, if the initial
data further satisfies φ0 ∈ L1, then the unique global in time solution φ of the
Cauchy problem (3.4) has the following time-growth and time-decay estimates

‖φ(t) ‖L1 ≤ Cφ0 max
{
1, ln(1 + t)
} (
t ≥ 0 ),
‖φ(t) ‖Lq ≤ Cφ0 (1 + t)−
1
2 (1− 1q ) max
{
1, ln(1 + t)
} (
t ≥ 0 ),
‖φ(t) ‖L∞ ≤ Cφ0,ǫ (1 + t)−
1
2+ǫ
(
t ≥ 0 ),
for q ∈ (1, ∞) and any ǫ > 0.
Theorem 3.7. Assume the same assumptions as in Theorem 3.4, then φ in
Theorems 3.5 and 3.6 should be replaced by ψ.
Theorem 3.8. Under the same assumptions as in Theorem 3.1, the unique
global in time solution φ of the Cauchy problem (3.4) has the following time-
decay estimates for the derivatives

‖ ∂xφ(t) ‖Lq+1 ≤ Cφ0,ǫ (1 + t)−
2q+1
2q+2+ǫ
(
t ≥ 0 ),
‖ ∂xφ(t) ‖L∞ ≤ Cφ0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ),
‖ ∂tφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
‖ ∂2xφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ),
for q ∈ [ 1, ∞) and any ǫ > 0.
Remark 3.9. We note that the time-decay estimates of ‖ ∂xφ ‖Lq+1 with 1 ≤
q ≤ ∞, ‖ ∂tφ ‖L2 and ‖ ∂2xφ ‖L2 in Theorem 3.8 decay faster than ‖ ∂xψ ‖Lq+1
with 1 ≤ q ≤ ∞, ‖ ∂tψ ‖L2 and ‖ ∂2xψ ‖L2 , respectively. This is because we
easily know from Lemma 2.2 that the Lr-decay estimates of ∂2xU
r
1 and ∂
3
xU
r
1
are sharper than the estimates of ∂2xU
r
2 and ∂
3
xU
r
2 , respectively, although the
Lr-decay estimate of the difference |U r2 − ur | is sharper than the estimate of
|U r1 −ur | (we also note that there have not been known the pointwise estimates
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of |U r − ur | with 1/2 < q ≤ 3/2 so far, see [29], [34], [35], [38], cf. [13], [14],
[33], [37], [46], and so on). In fact, by the similar arguments as in Section 8
(in particular, we note the fifth term on the right-hand side of (8.13) which is
led from the nonlinear viscous flux term σ′
(
∂xU
r
2
)
∂2xU
r
2 ), we can obtain the
time-decay estimate for ‖ ∂xψ ‖L2 correspond to (8.14) in Lemma 8.4 as
‖ ∂xψ(t) ‖L2 ≤ Cψ0,r (1 + t)−
1
2 (1+
1
2r )
(
t ≥ 0 ) (3.18)
with r ≫ 1, for some Cψ0,r > 0.
In the following sections, we first give the proof of the a priori estimates,
Theorem 3.3, in Sections 4 and 5. To do that, we assume{
φ ∈ C0( [ 0, T ] ;H2) ∩ L2( 0, T ;H3),
∂tφ ∈ C0
(
[ 0, T ] ;L2
) ∩ L2( 0, T ;H1)
is a solution of (3.4) for some T > 0, and for simplicity, in Sections 4 and 5,
we use the notation Cφ0 to denote positive constants which may depend on
the initial data φ0 ∈ H2, and the shape of the equation but not depend on T .
Next we give the proofs of the time-decay estimates in Sections 6-9. The time-
decay results, Theorems 3.5-3.8 are obtained by the technical time-weighted
energy method (cf. [46], [47], [49]) with the help of the uniform boundedness of
‖φ ‖L∞, ‖ψ ‖L∞ , ‖ ∂xφ ‖L∞ (see Lemmas 4.1 and 5.3) and ‖ ∂xψ ‖L∞ , and the
uniform energy estimates for φ and ψ from (3.7), (3.8) and Theorem 3.4. In
particular, Lq-estimates for φ and ψ with 1 < q < 2 need subtle and delicate
treatment (see Lemmas 7.3, 7.5 and 7.6). Moreover, in order to obtain the
time-decay estimates for the derivatives, Theorem 3.8, we apply the bootstrap
argument by Yoshida [47], [49] (see the process (8.16)-(8.23)). Since the proof
of Theorem 3.7 is similarly given as the proofs of Theorems 3.5 and 3.6, we only
show Theorems 3.5, 3.6 and 3.8 in Sections 6-9. We finally discuss and compare
these time-decay resuts in Section 10. In the following sections, we rewrite U r1
as U r for simplicity.
4. A priori estimates I
We first recall that, by the arguments in Matsumura-Yoshida [38], the uni-
form boundedness of L∞-norm of the deviation φ can be obtained without using
the maximum principle (cf. [17], [25], [28], [32]). In fact, according to [38], the
uniform boundedness of ‖φ ‖L∞ and the basic L2-energy estimate for φ were
obtained only by using a standard energy method. Therefore, we similarly get
the following lemma and proposition.
Lemma 4.1. There exists a positive constant Cφ0 such that
‖φ(t) ‖L∞ ≤ Cφ0
(
t ∈ [ 0, T ] ).
GLOBAL STRUCTURE FOR RAREFACTION WAVE 22
Proposition 4.2. For 0 < p < 1, there exists a positive constant Cφ0 such
that
‖φ(t) ‖2L2 +
∫ t
0
∣∣∣∣ (√∂xU r φ )(τ) ∣∣∣∣2L2 dτ
+
∫ t
0
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dxdτ ≤ Cφ0
(
t ∈ [ 0, T ] ),
where 〈 s 〉 := (1 + s2)1/2 (s ∈ R).
With the help of Lemma 4.1 and Proposition 4.2, we now show the a pripri
estimate of ∂xφ as follows.
Proposition 4.3. For 0 < p < 1, there exists a positive constant Cφ0 such
that ∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dx+
∫ t
0
‖ ∂tφ(τ) ‖2L2 dτ
≤ Cφ0 〈〈 ∂xφ 〉〉1−pL∞t,x
(
t ∈ [ 0, T ] ),
where
〈〈 v 〉〉L∞t,x := ess sup
t∈[0,T ], x∈R
〈 v(t, x) 〉.
Proof of Proposition 4.3. Multiplying the equation in (3.4) by ∂tφ, and
integrating the resultant formula with respect to x, we have, after integration
by parts,
d
dt
∫ ∞
−∞
∫ ∂xφ
0
(
σ
(
η + ∂xU
r
)− σ( ∂xU r ) )dη dx+ ‖ ∂tφ(t) ‖2L2
= −
∫ ∞
−∞
∂tφ∂x
(
f(φ+ U r)− f(U r) ) dx+ ∫ ∞
−∞
∂tφ∂x
(
σ
(
∂xU
r
) )
dx.
(4.1)
We first note that∫ ∞
−∞
∫ ∂xφ
0
(
σ
(
η + ∂xU
r
)− σ( ∂xU r ) )dη dx ∼
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dx.
(4.2)
Noting the uniform boundedness of ‖φ ‖L∞ , Lemma 4.1, we estimate each terms
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on the right-hand side of (4.1) by the Young inequality as∣∣∣∣
∫ ∞
−∞
∂tφ∂x
(
f(φ+ U r)− f(U r) ) dx ∣∣∣∣
≤ ǫ ‖ ∂tφ(t) ‖2L2 + Cǫ
∫ ∞
−∞
∣∣ f ′(φ+ U r)− f ′(U r) ∣∣2 | ∂xU r |2 dx
+ Cǫ
∫ ∞
−∞
∣∣ f ′(φ + U r) ∣∣2 | ∂xφ |2 dx
≤ ǫ ‖ ∂tφ(t) ‖2L2 + Cφ0,ǫ
∫ ∞
−∞
φ2 | ∂xU r |2 dx
+ Cφ0,ǫ ‖ ∂xφ(t) ‖2L2 (ǫ > 0),
(4.3)
∣∣∣∣
∫ ∞
−∞
∂tφ∂x
(
σ
(
∂xU
r
) )
dx
∣∣∣∣
≤ ǫ ‖ ∂tφ(t) ‖2L2 + Cǫ ‖ ∂2xU r(t) ‖2L2 (ǫ > 0).
(4.4)
Noting from Lemmas 2.2 and 3.5 that∫ ∞
−∞
φ2 | ∂xU r |2 dx
≤ C min
{
(1 + t)−1
∫ ∞
−∞
φ2 ∂xU
r dx, (1 + t)−2 ‖φ(t) ‖2L2
}
,
(4.5)
substituting (4.2)-(4.4) into (4.1) and integrating the resultant formula with
respect to t, we obtain∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dx+
∫ t
0
‖ ∂tφ(τ) ‖2L2 dτ
≤ Cφ0 + Cφ0 〈〈 ∂xφ 〉〉1−pL∞t,x
∫ t
0
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dxdτ
(4.6)
provided ǫ is suitably small. Then, noting Proposition 4.2, we obtain the desired
a priori estimate for ∂xφ.
Thus, the proof of Proposition 4.3 is completed.
5. A priori estimates II
In this section, we proceed to the a priori estimate for the derivatives ∂tφ and
∂2xφ. We further establish the uniform boundedness of ∂xφ, and then accomplish
the proof of Theorem 3.3.
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Proposition 5.1. For 0 < p < 1, there exists a positive constant Cφ0 such
that
‖ ∂tφ(t) ‖2L2 +
∫ t
0
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dxdτ
≤ Cφ0 〈〈 ∂xφ 〉〉2(1−p)L∞t,x
(
t ∈ [ 0, T ] ).
Proof of Proposition 5.1. Differentiating the equation in (3.4) with re-
spect to t, we have
∂2t φ+ ∂t∂x
(
f(φ+ U r)− f(U r) )
− ∂t∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) = ∂t∂x(σ( ∂xU r )). (5.1)
Multiplying (5.1) by ∂tφ and integrating the resultant formula with respect to
x, we have, after integration by parts,
1
2
d
dt
‖ ∂tφ(t) ‖2L2 −
∫ ∞
−∞
∂t∂xφ∂t
(
f(φ+ U r)− f(U r) ) dx
+
∫ ∞
−∞
∂t∂xφ∂t
(
σ
(
∂xφ + ∂xU
r
)− σ( ∂xU r ) )dx
= −
∫ ∞
−∞
∂t∂xφ∂t
(
σ
(
∂xU
r
) )
dx.
(5.2)
Noting Lemmas 2.2 and 4.1, and using (4.5) and the Young inequality, we
estimate the second term on the left-hand side of (5.1) as∣∣∣∣
∫ ∞
−∞
∂t∂xφ∂t
(
f(φ+ U r)− f(U r) ) dx ∣∣∣∣
≤ ǫ
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx
+ Cǫ
∫ ∞
−∞
〈 ∂xφ 〉1−p
∣∣ f ′(φ+ U r)− f ′(U r) ∣∣2 | ∂tU r |2 dx
+ Cǫ
∫ ∞
−∞
〈 ∂xφ 〉1−p
∣∣ f ′(φ+ U r) ∣∣2 | ∂tφ |2 dx
≤ ǫ
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx
+ Cφ0,ǫ (1 + t)
−1 〈〈 ∂xφ 〉〉1−pL∞t,x
∫ ∞
−∞
φ2 ∂xU
r dx
+ Cφ0,ǫ 〈〈 ∂xφ 〉〉1−pL∞t,x ‖ ∂tφ(t) ‖
2
L2 (ǫ > 0).
(5.3)
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∫ ∞
−∞
∂t∂xφ∂t
(
σ
(
∂xφ + ∂xU
r
)− σ( ∂xU r )) dx
≥
∫ ∞
−∞
σ′
(
∂xφ + ∂xU
r
) | ∂t∂xφ |2 dx
−
∫ ∞
−∞
| ∂t∂xφ |
(
σ′
(
∂xφ + ∂xU
r
)− σ′( ∂xU r ) )| ∂t∂xU r | dx
≥ (C−1φ0 − ǫ )
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx
− Cφ0,ǫ ‖ ∂t∂xU r(t) ‖2L∞
∫ ∞
−∞
〈 ∂xφ 〉1−p | ∂xφ |2 dx
≥ (C−1φ0 − ǫ )
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx
− Cφ0,ǫ
( ‖ ∂xU r(t) ‖4L∞ + ‖ ∂2xU r(t) ‖2L∞ )
× 〈〈 ∂xφ 〉〉2(1−p)L∞t,x
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dx (ǫ > 0).
(5.4)
Similarly, the right-hand side of (5.1) is estimated as∣∣∣∣
∫ ∞
−∞
∂t∂xφ∂t
(
σ
(
∂xU
r
) )
dx
∣∣∣∣
≤ ǫ
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx+ Cǫ
∫ ∞
−∞
〈 ∂xφ 〉1−p | ∂t∂xU r |2 dx
≤ ǫ
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dx
+ Cφ0,ǫ
( ‖ ∂xU r(t) ‖4L2 + ‖ ∂2xU r(t) ‖2L2 ) 〈〈 ∂xφ 〉〉1−pL∞t,x (ǫ > 0).
(5.5)
Therefore, using Lemma 2.2 and Proposition 4.2, substituting (5.3)-(5.5) into
(5.1), and integrating the resultant formula with respect to t, we have
‖ ∂tφ(t) ‖2L2 +
∫ t
0
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dxdτ
≤ Cφ0 + Cφ0 〈〈 ∂xφ 〉〉2(1−p)L∞t,x + Cφ0 〈〈 ∂xφ 〉〉
1−p
L∞t,x
∫ t
0
‖ ∂tφ(τ) ‖2L2dτ
(5.6)
provided ǫ is suitably small. Noting Proposition 4.3, we obtain the desired a
priori estimate for ∂tφ.
Thus, the proof of Proposition 5.1 is completed.
Next, we show the following a priori estimate for ∂2xφ.
Proposition 5.2. For 0 < p < 1, there exists a positive constant Cφ0 such
that∫ ∞
−∞
〈 ∂xφ 〉2(p−1) | ∂2xφ |2 dxdτ ≤ Cφ0 〈〈 ∂xφ 〉〉2(1−p)L∞t,x
(
t ∈ [ 0, T ] ).
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Proof of Proposition 5.2. With the help of Propositions 4.3 and 5.1, we
see from (3.4) that∥∥σ′( ∂xφ+ ∂xU r )∂2xφ∥∥2L2
≤ ‖ ∂tφ(t) ‖2L2 +
∥∥ ∂x( f(φ+ U r)− f(U r) )(t)∥∥2L2
+
∥∥σ′( ∂xφ+ ∂xU r )∂2xU r(t)∥∥2L2 ≤ Cφ0 + Cφ0 〈〈 ∂xφ 〉〉2(1−p)L∞t,x
(5.7)
This completes the proof of Proposition 5.2.
Now, combining Lemma 4.1, Propositions 4.3 and 5.2, we show the following
uniform boundedness of ‖ ∂xφ ‖L∞ which plays the essential role to control the
nonlinearity of σ (cf. [21], [38]).
Lemma 5.3. For 1/3 < p < 1, there exists a positive constant Cφ0 such that
‖ ∂xφ(t) ‖L∞ ≤ Cφ0
(
t ∈ [ 0, T ] ).
Proof of Lemma 5.3. According to [38], we have
〈〈 ∂xφ 〉〉
3p+1
2
L∞t,x
≤ 1 + Cφ0
( ∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂xφ |2 dx
) 1
2
×
( ∫ ∞
−∞
〈 ∂xφ 〉2(p−1) | ∂2xφ |2 dx
) 1
2
,
(5.8)
which deduces from Propositions 4.3 and 5.2 that
〈〈 ∂xφ 〉〉
3p+1
2
L∞t,x
≤ Cφ0 〈〈 ∂xφ 〉〉
3
2 (1−p)
L∞t,x
. (5.9)
Hence, if we assume
3 p+ 1
2
>
3
2
(1− p)
(
⇔ p > 1
3
)
,
we obtain for 1/3 < p < 1
〈〈 ∂xφ 〉〉L∞t,x ≤ Cφ0 . (5.10)
Thus, the proof of Lemma 5.3 is completed.
By Lemma 4.1, Propositions 4.2, 4.3, 5.1 and 5.2 with the aid of Lemma 5.3,
we obtain the energy estimate
‖φ(t) ‖2H2 + ‖ ∂tφ(t) ‖2L2 +
∫ t
0
∥∥ (√ ∂xU r φ )(τ)∥∥2L2 dτ
+
∫ t
0
( ‖ ∂xφ(τ) ‖2H1 + ‖ ∂tφ(τ) ‖2H1 ) dτ ≤ C0 ( t ∈ [ 0, T ] ).
(5.11)
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Therefore, in order to accomplish the proof of Theorem 3.3, it suffices to show
the following a priori estimate (the proof is also given in [38]).
Lemma 5.4. For 1/3 < p < 1, there exists a positive constant Cφ0 such that∫ t
0
‖ ∂3xφ(τ) ‖2L2 dτ ≤ Cφ0
(
t ∈ [ 0, T ] ).
Thus, we complete the proof of Theorem 3.3.
In order to accomplish the proof of Theorem 3.1, in particular, the asymp-
totic behavior (3.14) and (3.15), we finally show (3.13), that is,
Lemma 5.5. For 1/3 < p < 1, there exists a positive constant Cφ0 such that∫ ∞
0
∣∣∣∣ ddt‖ ∂tφ(t) ‖2L2
∣∣∣∣dt ≤ Cφ0 .
Proof of Lemma 5.5. Direct calculation shows by using (3.4) that∫ ∞
0
∣∣∣∣ ddt‖ ∂tφ(t) ‖2L2
∣∣∣∣dt
≤ 2
∫ ∞
0
∣∣∣∣
∫ ∞
−∞
∂t∂xφ∂t
(
f(φ+ U r)− f(U r) ) dx ∣∣∣∣ dt
+ 2
∫ ∞
0
∣∣∣∣
∫ ∞
−∞
∂t∂xφ∂t
(
σ
(
∂xφ+ ∂xU
r
) )
dx
∣∣∣∣ dt
≤ Cφ0
∫ ∞
0
(
‖ ∂tφ(t) ‖2H1 +
∫ ∞
−∞
φ2 ∂xU
r dx+ ‖ ∂t∂xU r(t) ‖2L2
)
dt
≤ Cφ0 .
(5.12)
This completes the proof of Lemma 5.5.
Thus, we complete the proof of Theorem 3.1.
Remark 5.6. The estimate in Proposition 5.2 is sharper than that in [38], that
is, ∫ ∞
−∞
〈 ∂xφ 〉2(p−1) | ∂2xφ |2 dxdτ ≤ Cφ0 〈〈 ∂xφ 〉〉3(1−p)L∞t,x
(
t ∈ [ 0, T ] ).
(5.13)
Therefore, if substituting the estimate in Proposition 4.3 and (5.13) instead of
the estimate in Proposition 5.2, then we have obtained in [38] that
〈〈 ∂xφ 〉〉L∞t,x ≤ Cφ0 (5.14)
for 3/7 < p < 1.
GLOBAL STRUCTURE FOR RAREFACTION WAVE 28
6. Time-decay estimates I
In this section, we obtain the time-decay estimate for φ (not assuming the L1-
integrability to the initial perturbation), Theorem 3.5. To do that, we establish
the following time-weighted Lq-energy estimate to φ with 2 ≤ q ≤ ∞.
Proposition 6.1. Suppose the same assumptions as in Theorem 3.1. For any
q ∈ [ 2, ∞), there exist positive constants α and Cα,φ0,ǫ such that the unique
global in time solution φ of the Cauchy problem (3.4) has the following Lq-energy
estimate
(1 + t)α ‖φ(t) ‖qLq +
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q ∂xU r dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 | ∂xφ |2 dxdτ
≤ Cφ0 ‖φ0 ‖qLq + Cα,φ0 (1 + t)α−
q−2
4
(
t ≥ 0 ).
The proof of Proposition 6.1 is provided by the following two lemmas.
Lemma 6.2. For any q ∈ [ 1, ∞), there exist positive constants α and Cφ0
such that
(1 + t)α ‖φ(t) ‖qLq +
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q ∂xU r dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 | ∂xφ |2 dxdτ
≤ Cφ0 ‖φ0 ‖qLq + Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖φ(τ) ‖qLq dτ
+ Cφ0
∫ t
0
(1 + τ)α ‖φ(τ) ‖q−1L∞ ‖ ∂2xU r(τ) ‖L1 dτ.
(
t ≥ 0 ).
(6.1)
Lemma 6.3. Assume 2 ≤ q < ∞ and 2 ≤ r < ∞. We have the following
interpolation inequalities.
(1) It follows that
‖φ(t) ‖L∞ ≤
(
q + 2
2
) 2
q+2
(∫ ∞
−∞
|φ |2 dx
) 1
q+2
×
(∫ ∞
−∞
|φ |q−1| ∂xφ |2 dx
) 1
q+2 (
t ≥ 0 ).
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(2) It follows that
‖φ(t) ‖Lr ≤
(
q + 2
2
) 2(r−2)
(q+2)r
(∫ ∞
−∞
|φ |2 dx
) r−2
(q+2)r
×
(∫ ∞
−∞
|φ |q−1| ∂xφ |2 dx
) q+r
(q+2)r (
t ≥ 0 ).
In what follows, we first prove Lemma 6.2 and Lemma 6.3, and finally give
the proof of Proposition 6.1, and further the L∞-estimate of φ.
Proof of Lemma 6.2. Performing the computation∫ t
0
(1 + τ)α
∫ ∞
−∞
(3.4)× |φ |q−2 φdxdτ (α > 0, q ∈ [ 2, ∞) )
allows us to get
1
q
(1 + t)α ‖φ(t) ‖qLq
+ (q − 1)
∫ t
0
(1 + t)α
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) )
× | η |q−2 ∂xU r dη dxdτ
+ (q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 ∂xφ
×
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) dxdτ
=
1
q
‖φ0 ‖qLq + α
∫ t
0
(1 + τ)α−1 ‖φ(τ) ‖qLq dτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 ∂xφ
(
σ
(
∂xU
r
) )
dxdτ
(
t ≥ 0 ).
(6.2)
By using the uniform boundedness in Lemmas 4.1 and 5.3, we estimate the
second and third terms on the left-hand side of (6.2) as follows.
(q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) )
× | η |q−2 ∂xU r dη dxdτ
≥ C−1φ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q ∂xU r dxdτ,
(6.3)
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(q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 ∂xφ
×
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) dxdτ
≥ C−1φ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 | ∂xφ |2 dxdτ.
(6.4)
The third term on the right-hand side of (6.2) is also estimated as
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 ∂xφ
(
σ
(
∂xU
r
) )
dxdτ
≤ C
∫ t
0
(1 + τ)α ‖φ(τ) ‖q−1L∞ ‖ ∂2xU r(τ) ‖L1 dτ.
(6.5)
Substituting (6.3)-(6.5) into (6.1), we immediately have Lemma 6.2.
Next, we show Lemma 6.3.
Proof of Lemma 6.3. Noting that φ(t, · ) ∈ H2 imply lim
x→±∞
φ(t, x) = 0
for t ≥ 0 and
|φ |s ≤ s
∫ ∞
−∞
|φ |s−1 | ∂xφ | dx
(
s ≥ 1 ). (6.6)
By the Cauchy-Schwarz inequality, we have
|φ |s ≤ s
(∫ ∞
−∞
|φ |2s−q dx
) 1
2
(∫ ∞
−∞
|φ |q−2 | ∂xφ |2 dx
) 1
2
. (6.7)
Taking s = q+22 , we immediately have (1). Next, substituting (1) into
‖ ∂xφ ‖rLr ≤ ‖ ∂xφ ‖r−2L∞ ‖ ∂xφ ‖2L2 , (6.8)
we also have (2).
Thus, we complete the proof of Lemma 6.3.
We now show Proposition 6.1 with the help of Lemmas 6.2 and 6.3.
Proof of Proposition 6.1. By using (1) in Lemma 6.3, we estimate the
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second term on the right-hand side of (6.1) by the Young inequality as
Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖φ(τ) ‖qLq dτ
≤ Cα,φ0
∫ t
0
(1 + τ)α−1
(∫ ∞
−∞
|φ |2 dx
) 2q
q+2
×
(∫ ∞
−∞
|φ |q−1| ∂xφ |2 dx
) q−2
q+2
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−1| ∂xφ |2 dxdτ
+ Cα,φ0,ǫ
∫ t
0
(1 + τ)α−
q+2
4
(∫ ∞
−∞
|φ |2 dx
) q
2
dτ (ǫ > 0).
(6.9)
Considering r = q in (2), in Lemma 6.3, the third term on the right-hand side
of (6.1) are similarly estimated as
Cφ0
∫ t
0
(1 + τ)α ‖φ(τ) ‖q−1L∞ ‖ ∂2xU r(τ) ‖L1 dτ
≤ Cφ0
∫ t
0
(1 + τ)α−1
(∫ ∞
−∞
|φ |2 dx
) q−1
q+2
×
(∫ ∞
−∞
|φ |q−1| ∂xφ |2 dx
) q−1
q+2
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−1| ∂xφ |2 dxdτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α−
q+2
3
(∫ ∞
−∞
|φ |2 dx
) q−1
3
dτ (ǫ > 0).
(6.10)
Substituting (6.9)-(6.10) into (6.1) and choosing ǫ suitably small, we then obtain
the time-weighted Lq-energy estimate of φ, in particular, for q ∈ [ 2, ∞),
‖φ(t) ‖Lq ≤ Cφ0 (1 + t)−
1
4 (1− 2q )
(
t ≥ 0 ) (6.11)
by choosing α suitably large.
Thus, we complete the proof of Proposition 6.1.
We finally show the L∞-estimate of φ. We use the following Gagliardo-Nirenberg
inequality:
‖φ(t) ‖L∞ ≤ Cq,θ ‖φ(t) ‖1−θLq ‖ ∂xφ(t) ‖θL2 (6.12)
for any q ∈ [ 2, ∞), θ ∈ (0, 1 ] satisfying
θ
2
=
1− θ
q
.
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By using (6.12), we immediately have
‖φ(t) ‖L∞ ≤ Cθ,φ0,ǫ (1 + t)−
1
4 (1− 2q )(1−θ)
≤ Cφ0,ǫ (1 + t)−
1
4+ǫ
(
t ≥ 0 ) (6.13)
for ǫ > 0. Consequently, we do complete the proof of Lq-estimate of φ with
2 ≤ q ≤ ∞.
Thus, the proof of Theorem 3.5 is completed.
7. Time-decay estimates II
In this section, we obtain the time-growth and time-decay estimates for φ
with 1 ≤ q ≤ ∞ in the case where φ0 ∈ L1∩H2, Theorem 3.6. In the following,
we are going to show the estimates, step by step, in the cases where q = 1,
1 < q < 2 and 2 ≤ q ≤ ∞ in this order. We first establish the L1-estimate of φ.
To do that, we use the Friedrichs mollifier ρδ∗, where ρδ(φ) := 1δρ
(
φ
δ
)
with
ρ ∈ C∞0 (R), ρ(φ) ≥ 0 (φ ∈ R),
supp{ρ} ⊂ {φ ∈ R | |φ | ≤ 1} ,
∫ ∞
−∞
ρ(φ) dφ = 1.
We then recall the following properties of the mollifier (see [12], [46], [47],
[50] and so on).
Lemma 7.1.
(1) lim
δ→0
( ρδ ∗ sgn ) (φ) = sgn(φ) (φ ∈ R),
(2) lim
δ→0
∫ φ
0
( ρδ ∗ sgn ) (η) dη = |φ | (φ ∈ R),
(3) ( ρδ ∗ sgn )
∣∣
φ=0
= 0,
(4)
d
dφ
( ρδ ∗ sgn ) (φ) = 2 ρδ(φ) ≥ 0 (φ ∈ R),
where
( ρδ ∗ sgn ) (φ) :=
∫ ∞
−∞
ρδ(φ − ψ) sgn(ψ) dψ (φ ∈ R)
and
sgn(φ) :=


−1 (φ < 0 ),
0
(
φ = 0
)
,
1
(
φ > 0
)
.
Making use of Lemma 7.1, we obtain the following L1-energy estimate.
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Proposition 7.2. Suppose the same assumptions as in Theorem 3.1. the
unique global in time solution φ of the Cauchy problem (3.4) has the follow-
ing L1-energy estimate
‖φ(t) ‖L1 ≤ Cφ0 max
{
1, ln(1 + t)
} (
t ≥ 0 ).
Proof of Proposition 7.2. Multiplying the equation in (3.4) by (ρδ ∗ sgn) (φ)
and integrating the resultant formula with respect to x and t, we obtain
∫ ∞
−∞
∫ φ
0
( ρδ ∗ sgn ) (η) dη dx
+ 2
∫ t
0
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) ) ρδ(η) ∂xU r dη dxdτ
+
∫ t
0
∫ ∞
−∞
ρδ(φ) ∂xφ
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r )) dxdτ
=
∫ ∞
−∞
∫ φ0
0
( ρδ ∗ sgn ) (η) dη dx
+
∫ t
0
∫ ∞
−∞
( ρδ ∗ sgn ) (φ) ∂x
(
σ
(
∂xU
r
) )
dxdτ.
(7.1)
By using Lemma 7.1, and uniform boundedness in Lemma 4.1 and 5.3, we
estimate the second and third terms on the left-hand side of (7.1) as follows.
2
∫ t
0
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) ) ρδ(η) ∂xU r dη dxdτ
≥ C−1φ0
∫ t
0
∫ ∞
−∞
∣∣∣∣
∫ |φ|
0
η ρδ(η) dη
∣∣∣∣ ∂xU r dxdτ,
(7.2)
∫ t
0
∫ ∞
−∞
ρδ(φ) ∂xφ
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) )dxdτ
≥ C−1φ0
∫ t
0
∫ ∞
−∞
ρδ(φ) | ∂xφ |2 dxdτ.
(7.3)
Also from Lemma 7.1, we have∣∣∣∣
∫ φ
0
( ρδ ∗ sgn ) (η) dη
∣∣∣∣ ≤ ( ρδ ∗ sgn ) ( |φ | ) |φ | ≤ |φ |, (7.4)
lim
δ→0
∫ ∞
−∞
∫ φ(t)
0
( ρδ ∗ sgn ) (η) dη = ‖φ(t) ‖L1
(
t ≥ 0 ). (7.5)
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Therefore, with the help of (7.4)-(7.5), substituting (7.2)-(7.3) into (7.1) and
taking the limit δ → 0 to the resultant formula, we conclude that
‖φ(t) ‖L1 ≤ ‖φ0 ‖L1
+ lim
δ→0
∫ t
0
∣∣∣∣
∫ ∞
−∞
( ρδ ∗ sgn ) (φ) ∂x
(
σ
(
∂xU
r
) )
dx
∣∣∣∣ dτ
≤ ‖φ0 ‖L1 + C
∫ t
0
‖ ∂2xU r(τ) ‖L1 dτ
≤ ‖φ0 ‖L1 + C ln(1 + t).
(7.6)
This completes the proof of Proposition 7.2.
Next, we establish the Lq-estimate of φ in the case where 1 < q < 2. The
estimate in this case needs most subtle and delicate treatment than the all other
cases (that is, the cases where q = 1, 2 ≤ q ≤ ∞), in particular, to obtain the
interpolation inequalities in Lemma 7.6 with the aid of the third term on the
left-hand side of the time-weighted Lq-estimate in Proposition 7.4 (for a simpler
way to obtain the estimate, see Remark 7.8, in particular, (7.31)). Therefore, we
also introduce ρδ ∗ | · |s sgn and ρδ ∗ | · |s+1, and prepare their useful properties
as follows.
Lemma 7.3. For any s ≥ 0, we have the following properties.
(1) lim
δ→0
(
ρδ ∗ | · |s sgn
)
(φ) = |φ |s sgn(φ) (φ ∈ R),
(2) lim
δ→0
∫ φ
0
(
ρδ ∗ | · |s sgn
)
(η) dη =
1
s+ 1
|φ |s+1 (φ ∈ R),
(3)
(
ρδ ∗ | · |s sgn
)∣∣∣
φ=0
= 0,
(4)
∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣ ≤ ( ρδ ∗ | · |s )(φ) (φ ∈ R),
(5)
d
dφ
(
ρδ ∗ | · |s sgn
)
(φ) = s
(
ρδ ∗ | · |s−1
)
(φ) ≥ 0 (φ ∈ R),
(6)
d
dφ
(
ρδ ∗ | · |s+1
)
(φ) = (s+ 1)
(
ρδ ∗ | · |s sgn
)
(φ) (φ ∈ R),
where (
ρδ ∗ | · |s sgn
)
(φ) =
(
ρδ ∗ | · |s−1 ·
)
(φ)
:=
∫ ∞
−∞
ρδ(φ− ψ) |ψ |s−1 ψ dψ (φ ∈ R),
(
ρδ ∗ | · |s+1
)
(φ) :=
∫ ∞
−∞
ρδ(φ− ψ) |ψ |s+1 dψ (φ ∈ R).
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Proof of Lemma 7.3. Because the others are standard or easier than the
proof of (5), we only show (5). Noting the definition of
(
ρδ ∗ | · |s sgn
)
(φ), we
have
d
dφ
(
ρδ ∗ | · |s sgn
)
(φ)
=
d
dφ
(∫ ∞
0
−
∫ 0
−∞
)
ρδ(φ− ψ) |ψ |s dψ (φ ∈ R).
(7.7)
The direct calculation shows
d
dφ
∫ ∞
0
ρδ(φ− ψ) |ψ |s dψ = −
∫ ∞
0
φs ∂ψ
(
ρδ(φ− ψ)
)
dψ
= s
∫ ∞
0
ρδ(φ − ψ) |ψ |s−1 dψ,
(7.8)
− d
dφ
∫ 0
−∞
ρδ(φ− ψ) |ψ |s dψ =
∫ 0
∞
ϕs ∂ϕ
(
ρδ(φ+ ϕ)
)
dϕ
= s
∫ 0
−∞
ρδ(φ− ψ) |ψ |s−1 dψ.
(7.9)
Substituting (7.8) and (7.9) into (7.7), we then have (5).
This ends the proof of Lemma 7.3.
Making use of Lemma 7.3, we obtain the following time weighted Lq-energy
estimate to φ with 1 < q < 2.
Proposition 7.4. Suppose the same assumptions as in Theorem 3.1. For
any q ∈ (1, 2), there exist positive constants α and Cα,φ0,ǫ such that the unique
global in time solution φ of the Cauchy problem (3.4) has the following Lq-energy
estimate
(1 + t)α ‖φ(t) ‖qLq
≤ Cφ0 ‖φ0 ‖qLq + Cα,φ0 (1 + t)α−
q−1
2
(
max
{
1, ln(1 + t)
} )q (
t ≥ 0 ).
The proof of Proposition 7.4 is provided by Lemmas 7.1 and 7.3 and the
following two Lemmas.
Lemma 7.5. For any q ∈ [ 1, ∞), there exist positive constants α and Cφ0
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such that
(1 + t)α
∫ ∞
−∞
∫ φ
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
∣∣∣∣
∫ |φ|
0
η
(
ρδ ∗ | · |q−2 sgn
)
(η) dη
∣∣∣∣ ∂xU r dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dxdτ
≤ Cφ0
∫ ∞
−∞
∫ φ0
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+ Cφ0 · α
∫ t
0
(1 + τ)α−1
∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)(τ)∥∥qLq dτ
+ Cφ0
∫ t
0
(1 + τ)α
∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)(τ)∥∥L∞ ‖ ∂2xU r(τ) ‖L1 dτ ( t ≥ 0 ).
(7.10)
Lemma 7.6. Assume 1 < q < 2 and r > 1. We have the following interpola-
tion inequalities.
(1) It follows that∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥L∞
≤
(
q + 1
2
) 2
q+1
(∫ ∞
−∞
(
ρδ ∗ | · |
)
(φ) dx
) 1
q+1
×
(∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dx
) 1
q+1
+R
2
q+1
1
(
t ≥ 0 ).
(2) It follows that∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥Lr
≤
(
q + 1
2
) 2(r−1)
(q+1)r
(∫ ∞
−∞
(
ρδ ∗ | · |
)
(φ) dx
) r−1
(q+1)r
(∫ ∞
−∞
∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣ dx
) 1
r
×
(∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dx
) r−1
(q+1)r
+R
2(r−1)
(q+1)r
1
(
t ≥ 0 ).
Here,
R1 :=
∣∣∣ ∣∣ ( ρδ ∗ | · | q+12 sgn )(φ) ∣∣− ∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣ q+12 ∣∣∣.
In what follows, we show Lemmas 7.5 and 7.6, and finally give the proof of
Proposition 7.4 with L∞-estimate of φ.
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Proof of Lemma 7.5. Noting Lemma 7.3, performing the computation∫ t
0
(1 + τ)α
∫ ∞
−∞
(3.4)× ( ρδ ∗ | · |q−1 sgn )(φ) dxdτ (α > 0, q ∈ (1, 2) )
and using integration by parts to the resultant formula allow us to get
(1 + t)α
∫ ∞
−∞
∫ φ(t)
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+ (q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) )
× ( ρδ ∗ | · |q−2 )(η) ∂xU r dη dxdτ
+ (q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) ∂xφ
×
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r )) dxdτ
=
∫ ∞
−∞
∫ φ0
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+ α
∫ t
0
(1 + τ)α−1
∫ ∞
−∞
∫ φ
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−1 sgn
)
(η) ∂x
(
σ
(
∂xU
r
) )
dxdτ
(
t ≥ 0 ).
(7.11)
By using the uniform boundedness in Lemmas 4.1 and 5.3, we estimate the
second and third terms on the left-hand side of (7.11) as follows.
(q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
∫ φ
0
(
f ′(η + U r)− f ′(U r) )
× ( ρδ ∗ | · |q−2 )(η) ∂xU r dη dxdτ
≥ C−1φ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
∣∣∣∣
∫ |φ|
0
η
(
ρδ ∗ | · |q−2
)
(η) dη
∣∣∣∣ ∂xU r dxdτ,
(7.12)
(q − 1)
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) ∂xφ
×
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) )dxdτ
≥ C−1φ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dxdτ.
(7.13)
Noting Lemma 7.3, the second and third terms on the right-hand side
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are also estimated as
α
∫ t
0
(1 + τ)α−1
∣∣∣ ∫ ∞
−∞
∫ φ
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
∣∣∣ dτ
≤ α
q
∫ t
0
(1 + τ)α−1
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥qLq dτ,
(7.14)
∫ t
0
(1 + τ)α
∣∣∣ ∫ ∞
−∞
(
ρδ ∗ | · |q−1 sgn
)
(η) ∂x
(
σ
(
∂xU
r
) )
dx
∣∣∣ dτ
≤ C
∫ t
0
(1 + τ)α
∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)(τ)∥∥L∞ ‖ ∂2xU r(τ) ‖L1 dτ.
(7.15)
Substituting (7.12)-(7.15) into (7.11), we immediately have Lemma 7.5.
Next, we give the proof of Lemma 7.6.
Proof of Lemma 7.6. Noting Lemma 7.3, we have for s ≥ 1,∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣
≤ s
∫ ∞
−∞
∫ ∞
−∞
ρδ(φ− ψ) |ψ |s−1 dψ | ∂xφ | dx.
(7.16)
By the Cauchy-Schwarz inequality, we have
∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣ ≤ s
(∫ ∞
−∞
∫ ∞
−∞
ρδ(φ− ψ) |ψ |2s−q dψ dx
) 1
2
×
(∫ ∞
−∞
∫ ∞
−∞
ρδ(φ − ψ) |ψ |q−2 | ∂xφ |2 dψ dx
) 1
2
.
(7.17)
We also note∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣ ≥ ∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣s
−
∣∣∣ ∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣− ∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣s ∣∣∣. (7.18)
Combining (7.17) and (7.18), we have for s ≥ 1,
∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥Ls ≤ s 1s
(∫ ∞
−∞
(
ρδ ∗ | · |2s−q
)
(φ) dx
) 1
2s
×
(∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dx
) 1
2s
+
∣∣∣ ∣∣ ( ρδ ∗ | · |s sgn )(φ) ∣∣ − ∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣s ∣∣∣ 1s .
(7.19)
Taking s = q+12 , we immediately have (1). Next, substituting (1) into∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥rLr ≤ ∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥r−1L∞
×
∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥L1 , (7.20)
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we also have (2).
Thus, we complete the proof of Lemma 7.6.
We now show Proposition 7.4 with the help of Lemmas 7.5 and 7.6.
Proof of Proposition 7.4. By using Lemma 7.6, we estimate the second
term on the right-hand side of (7.10) as
Cφ0 · α
∫ t
0
(1 + τ)α−1
∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)(τ)∥∥qLq dτ
≤ Cα,φ0
∫ t
0
(1 + τ)α−1
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥q−1L∞
×
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥L1 dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1 R2 dτ
≤ Cα,φ0
∫ t
0
(1 + τ)α−1
(∫ ∞
−∞
(
ρδ ∗ | · |
)
(φ) dx
) q−1
q+1
×
(∫ ∞
−∞
∣∣ ( ρδ ∗ | · | sgn )(φ) ∣∣ dx
)
×
(∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dx
) q−1
q+1
dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1
(
R
2(q−1)
q+1
1
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥L1 +R2
)
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dxdτ
+ Cα,φ0,ǫ
∫ t
0
(1 + τ)α−
q+1
2
∥∥ ( ρδ ∗ | · | )(φ)(τ)∥∥qL1 dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1
(
R
2(q−1)
q+1
1
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥L1 +R2
)
dτ (ǫ > 0),
(7.21)
where
R2 :=
∣∣∣∣
∫ ∞
−∞
∫ φ
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx− 1
q
∥∥ ( ρδ ∗ | · | sgn )(φ)∥∥qLq
∣∣∣∣.
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Similarly, the third term on the right-hand side of (7.10) is estimated as
Cφ0
∫ t
0
(1 + τ)α
∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)(τ)∥∥L∞ ‖ ∂2xU r(τ) ‖L1 dτ
≤ Cφ0
∫ t
0
(1 + τ)α−1
∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥q−1L∞ dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1 R3 dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dxdτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α−
q+1
2
∥∥ ( ρδ ∗ | · | )(φ)(τ)∥∥ q−12L1 dτ
+ Cφ0
∫ t
0
(1 + τ)α−1
(
R
2(q−1)
q+1
1 +R3
)
dτ (ǫ > 0),
(7.22)
where
R3 :=
∣∣∣ ∥∥ ( ρδ ∗ | · |q−1 sgn )(φ)∥∥L∞ − ∥∥ ( ρδ ∗ | · | sgn )(φ)∥∥q−1L∞
∣∣∣.
Substituting (7.21)-(7.22) into (7.10) and choosing ǫ suitably small, we then
obtain
(1 + t)α
∫ ∞
−∞
∫ φ(t)
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
∣∣∣∣
∫ |φ|
0
η
(
ρδ ∗ | · |q−2 sgn
)
(η) dη
∣∣∣∣ ∂xU r dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
(
ρδ ∗ | · |q−2
)
(φ) | ∂xφ |2 dxdτ
≤ Cφ0
∫ ∞
−∞
∫ φ0
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx
+ Cα,φ0
∫ t
0
(1 + τ)α−
q+1
2
×
(∥∥ ( ρδ ∗ | · | )(φ)(τ)∥∥qL1 + ∥∥ ( ρδ ∗ | · | )(φ)(τ)∥∥ q−12L1
)
dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1
×
(
R
2(q−1)
q+1
1
( ∥∥ ( ρδ ∗ | · | sgn )(φ)(τ)∥∥L1 + 1
)
+R2 +R3
)
dτ.
(7.23)
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Noting Lemmas 7.1 and 7.3, in particular, for t ≥ 0,∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥L1 ≤ ∥∥ ( ρδ ∗ | · | )(φ)(t)∥∥L1
=
∥∥∥∥
( ∫ φ
0
( ρδ ∗ sgn ) (η) dη
)
(t)
∥∥∥∥
L1
→ ‖φ(t) ‖L1 (δ → 0),
(7.24)
∫ ∞
−∞
∫ φ(t)
0
(
ρδ ∗ | · |q−1 sgn
)
(η) dη dx→ 1
q
‖φ(t) ‖qLq (δ → 0), (7.25)
R
2(q−1)
q+1
1
( ∥∥ ( ρδ ∗ | · | sgn )(φ)(t)∥∥L1 + 1
)
+R2 +R3 → 0 (δ → 0), (7.26)
and taking the limit δ → 0 to (7.23), we get
(1 + t)α ‖φ(t) ‖qLq
≤ Cφ0 ‖φ0 ‖qLq + Cα,φ0 (1 + t)α−
q+1
2
(
‖φ(t) ‖qL1 + ‖φ(t) ‖
q−1
2
L1
)
.
(7.27)
Then, by using Proposition 7.2, we obtain the desired time-weighted Lq-energy
estimate of ∂xφ with 1 < q < 2.
Thus, we complete the proof of Proposition 7.4.
We further establish the Lq-estimate of φ in the case where 2 ≤ q <∞ and
q = ∞. With an argument similar to that used to prove Proposition 6.1, we
can obtain the following time-weighted Lq-energy estimate with 2 ≤ q < ∞
(therefore, the proof can be omitted).
Proposition 7.7. Suppose the same assumptions as in Theorem 3.1. For any
q ∈ [ 2, ∞), there exist positive constants α and Cα,φ0,ǫ such that the unique
global in time solution φ of the Cauchy problem (3.4) has the following Lq-energy
estimate
(1 + t)α ‖φ(t) ‖qLq +
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q ∂xU r dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ |q−2 | ∂xφ |2 dxdτ
≤ Cφ0 ‖φ0 ‖qLq + Cα,φ0 (1 + t)α−
q−1
2
(
max
{
1, ln(1 + t)
} )q (
t ≥ 0 ).
Therefore, we can conclude from Propositions 7.2, 7.4 and 7.7 that for q ∈
[ 1, ∞),
‖φ(t) ‖Lq ≤ Cφ0 (1 + t)−
1
2 (1− 1q ) max
{
1, ln(1 + t)
} (
t ≥ 0 ) (7.28)
by taking α suitably large. Furthermore, by using that ‖ ∂xφ(t) ‖L2 ≤ Cφ0 for
some Cφ0 > 0 and the Gagliardo-Nirenberg inequality, we have for any ǫ > 0,
‖φ(t) ‖L∞ ≤ Cφ0,ǫ (1 + t)−
1
2+ǫ
(
t ≥ 0 ). (7.29)
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Thus, the proof of Theorem 3.6 is completed.
Remark 7.8. If we want to get the time-decay estimates of ‖φ(t) ‖Lr with
r ∈ (1, 2) by a simpler way than that in the proof of Proposition 7.4, we use the
following way though the time-decay rate in Proposition 7.4 is a little sharper.
Substituting the estimate in Proposition 7.2 and (7.29) into
‖φ(t) ‖rLr ≤ ‖φ(t) ‖r−1L∞ ‖φ(t) ‖L1 (7.30)
we immediately have for r ∈ (1, 2) and any ǫ > 0,
‖φ(t) ‖Lr ≤ Cφ0,ǫ (1 + t)−
1
2 (1− 1r )+ǫ
(
t ≥ 0 ). (7.31)
Remark 7.9. Although we use the time-decay estimate
‖ ∂xφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
2
3+ǫ (7.32)
in Theorem 3.8 instead of the uniform boundedness of ‖ ∂xφ(t) ‖L2 to get the
better decay rate of ‖φ(t) ‖L∞ than in (7.28), the decay rate only becomes the
same as in (7.28).
8. Time-decay estimates III
In this section (and Sections 8 and 9), we try to show the time-decay estimate
for the derivative ∂xφ in Theorem 3.8 with the help of Theorems 3.4 and 3.7.
To do that, we establish the following time-weighted Lq+1-energy estimate to
∂xφ with 1 ≤ q ≤ ∞.
Proposition 8.1. Suppose the same assumptions as in Theorem 3.1. For any
q ∈ [ 1, ∞), there exist positive constants α, Cα,φ0 and Cα,φ0,ǫ such that the
unique global in time solution φ of the Cauchy problem (3.4) has the following
Lq+1-energy estimate
(1 + t)α ‖ ∂xφ(t) ‖q+1Lq+1 +
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q+1 ∂xU r dxdτ
≤ Cα,φ0 ‖ ∂xφ0 ‖q+1Lq+1 + Cα,φ0,ǫ (1 + t)α−
2q+1
2 +ǫ
(
t ≥ 0),
for any ǫ > 0.
The proof of Proposition 8.1 is provided by the following two Lemmas.
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Lemma 8.2. For any q ∈ [ 1, ∞), there exist positive constants α and Cφ0
such that
(1 + t)α ‖ ∂xφ(t) ‖q+1Lq+1 +
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂xφ |q+1 ∂xU r dxdτ
≤ Cφ0 ‖ ∂xφ0 ‖q+1Lq+1 + Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖q+1Lq+1 dτ
+ Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖q+2Lq+2 dτ
+ Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 φ2 | ∂xU r |2 dxdτ
+ Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xU r |2 dxdτ
(
t ≥ 0 ).
(8.1)
Lemma 8.3. Assume 1 ≤ q < ∞ and 1 ≤ r < ∞. We have the following
interpolation inequalities.
(1) It follows that
‖ ∂xφ(t) ‖L∞ ≤
(
q + 3
2
) 2
q+3
(∫ ∞
−∞
| ∂xφ |2 dx
) 1
q+3
×
(∫ ∞
−∞
| ∂xφ |q−1| ∂2xφ |2 dx
) 1
q+3 (
t ≥ 0 ).
(2) It follows that
‖ ∂xφ(t) ‖Lr+1 ≤
(
q + 3
2
) 2(r−1)
(q+3)(r+1)
(∫ ∞
−∞
| ∂xφ |2 dx
) r−1
(q+3)(r+1)
×
(∫ ∞
−∞
| ∂xφ |q−1| ∂2xφ |2 dx
) q+r+2
(q+3)(r+1) (
t ≥ 0 ).
In what follows, we show Lemmas 8.2, 8.3, and finally give the proof of
Proposition 8.1 with L∞-estimate of ∂xφ.
Proof of Lemma 8.2. Performing the computation∫ t
0
(1 + τ)α
∫ ∞
−∞
(3.4)×
(
− ∂x
( | ∂xφ |q−1 ∂xφ ) )dxdτ (α > 0, q ∈ [ 1, ∞) )
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and using integration by parts to the resultant formula, we arrive at
1
q + 1
(1 + t)α ‖ ∂xφ(t) ‖q+1Lq+1
− q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
f(φ+ U r)− f(U r) ) dxdτ
+ q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) )dxdτ
=
1
q + 1
‖ ∂xφ0 ‖q+1Lq+1 +
α
q + 1
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖q+1Lq+1 dτ
+ q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
σ
(
∂xU
r
) )
dxdτ
(
t ≥ 0 ).
(8.2)
By using integration by parts, the Young inequality, and Lemmas 4.1 and 5.3,
we estimate the second and third terms on the left-hand side of (8.2) as follows.
− q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
f(φ+ U r)− f(U r) ) dxdτ
≥ −q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂xφ∂2xφ f ′′(φ+ U r) dxdτ
− Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ | | ∂xφ |q−1 | ∂2xφ | | ∂xU r | dxdτ
≥ q
q + 1
∫ t
0
(1 + τ)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂xφ |q+1 ∂xU r dxdτ
− q
q + 1
∫ t
0
(1 + τ)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂xφ |q+2 dxdτ
− ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xψ |2 dxdτ
− Cφ0,ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 φ2 | ∂xU r |2 dxdτ (ǫ > 0),
(8.3)
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q
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) )dxdτ
≥ C−1
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 〈 ∂xφ 〉p−1 | ∂2xφ |2 dxdτ
− Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ | | ∂2xU r | dxdτ
≥ (C−1φ0 − ǫ )
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
− Cφ0,ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xU r |2 dxdτ (ǫ > 0).
(8.4)
Similarly, third term on the right-hand side of (8.2) is estimated as
q
∫ t
0
(1 + τ)α
∣∣∣∣
∫ ∞
−∞
| ∂xφ |q−1 ∂2xφ∂x
(
σ
(
∂xU
r
) )
dx
∣∣∣∣ dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+ Cǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 φ2 | ∂xU r |2 dxdτ (ǫ > 0).
(8.5)
Substituting (8.3)-(8.5) into (8.2) and choosing ǫ suitably small, we immediately
have Lemma 8.2.
Next, we show Lemma 8.3.
Proof of Lemma 8.3. Noting that φ(t, · ) ∈ H2 imply lim
x→±∞
∂xφ(t, x) = 0
for t ≥ 0 and
| ∂xφ |s ≤ s
∫ ∞
−∞
| ∂xφ |s−1 | ∂2xφ | dx
(
s ≥ 1 ). (8.6)
By the Cauchy-Schwarz inequality, we have
| ∂xφ |s ≤ s
(∫ ∞
−∞
| ∂xφ |2s−q−1 dx
) 1
2
(∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dx
) 1
2
. (8.7)
Taking s = q+32 , we immediately have (1). Next, substituting (1) into
‖ ∂xφ ‖r+1Lr+1 ≤ ‖ ∂xφ ‖r−1L∞ ‖ ∂xφ ‖2L2 , (8.8)
we also have (2).
Thus, we complete the proof of Lemma 8.3.
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Proof of Proposition 8.1. By using Lemma 8.3, we estimate the second,
third, fourth and fifth terms on the right-hand side of (8.1) as follows.
Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖q+1Lq+1 dτ
≤ Cφ0 · α
∫ t
0
(1 + τ)α−1
(∫ ∞
−∞
| ∂xφ |2 dx
) 2q+2
q+3
×
(∫ ∞
−∞
| ∂xφ |q−1| ∂2xφ |2 dx
) q−1
q+3
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+ Cα,φ0,ǫ
∫ t
0
(1 + τ)α−
q+3
4
(∫ ∞
−∞
| ∂xφ |2 dx
) q+1
2
dτ (ǫ > 0),
(8.9)
Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖q+2Lq+2 dτ
≤ Cφ0
∫ t
0
(1 + τ)α
(∫ ∞
−∞
| ∂xφ |2 dx
) 2q+3
q+3
×
(∫ ∞
−∞
| ∂xφ |q−1| ∂2xφ |2 dx
) q
q+3
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α
(∫ ∞
−∞
| ∂xφ |2 dx
) 2q+3
3
dτ (ǫ > 0).
(8.10)
Noting Lemma 2.2 and
‖φ(t) ‖2L2 ≤ Cφ0 (1 + t)−
1
2
(
max
{
1, ln(1 + t)
} )2
from Theorem 3.7, fourth and fifth terms on the right-hand side of (8.1) are
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estimated as follows.
Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 φ2 | ∂xU r |2 dxdτ
≤ Cφ0
∫ t
0
(1 + τ)α−
5
2
(
max
{
1, ln(1 + τ)
} )2(∫ ∞
−∞
| ∂xφ |2 dx
) q−1
q+3
×
(∫ ∞
−∞
| ∂xφ |q−1| ∂2xφ |2 dx
) q−1
q+3
dτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α−
5(q+3)
8
(
max
{
1, ln(1 + τ)
} ) q+3
2
×
(∫ ∞
−∞
| ∂xφ |2 dx
) q−1
4
dτ (ǫ > 0),
(8.11)
Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xU r |2 dxdτ
≤ ǫ
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α−
5(q+3)
8
(∫ ∞
−∞
| ∂xφ |2 dx
) q−1
4
dτ (ǫ > 0).
(8.12)
Noting f ′′(φ+U r) ≥ C−1φ0 from the uniform boundedness of ‖φ ‖L∞ , substituting
(8.9)-(8.12) into (8.1) and choosing ǫ suitably small, we obtain
(1 + t)α ‖ ∂xφ(t) ‖q+1Lq+1 +
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q−1 | ∂2xφ |2 dxdτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ |q+1 ∂xU r dxdτ
≤ Cφ0 ‖ ∂xφ0 ‖q+1Lq+1 + Cα,φ0
∫ t
0
(1 + τ)α−
q+3
4 ‖ ∂xφ(τ) ‖q+1L2 dτ
+ Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖
4q+6
3
L2 dτ
+ Cφ0
∫ t
0
(1 + τ)α−
5(q+3)
8
(
max
{
1, ln(1 + τ)
} ) q+3
2 ‖ ∂xφ(τ) ‖
q−1
2
L2 dτ
+ Cφ0,ǫ
∫ t
0
(1 + τ)α ‖ ∂2xU r(τ) ‖
q+3
2
L2 ‖ ∂xφ(τ) ‖
q−1
2
L2 dτ.
(8.13)
To complete the proof of Proposition 8.1, we claim
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Lemma 8.4. For any ǫ > 0, there exists a positive constant Cφ0,ǫ such that
‖ ∂xφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ). (8.14)
Indeed, once Lemma 8.4 holds true, by substituting (8.14) into (8.13), Proposi-
tion 8.1 immediately follows. In particular, we have for q ∈ [ 1, ∞)
‖ ∂xφ(t) ‖Lq+1 ≤ Cφ0,ǫ (1 + t)−
2q+1
2q+2+ǫ
(
t ≥ 0 ). (8.15)
Therefore, we finally show Lemma 8.4 by applying the arguments in Yoshida
[47], [50]. Taking q = 1 to (8.13), we get
(1 + t)α ‖ ∂xφ(t) ‖2L2 +
∫ t
0
(1 + τ)α ‖ ∂2xφ(τ) ‖2L2 dτ
+
∫ t
0
(1 + τ)α
∥∥ (√∂xU r ∂xφ )(τ)∥∥2L2 dτ
≤ Cφ0 ‖ ∂xφ0 ‖2L2 + Cα,φ0
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖2L2 dτ
+ Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖
10
3
L2 dτ
+ Cα,φ0 (1 + t)
α− 32
(
max
{
1, ln(1 + t)
} )2
.
(8.16)
To estimate the right-hand side of (8.16), we prepare a time-weighted estimate
for φ from Proposition 7.7 as
Lemma 8.5. There exists a positive constant β˜ such that for any β ≥ β˜,∫ t
0
(1+τ)β ‖ ∂xφ(τ) ‖2L2 dτ ≤ Cβ,φ0 (1+t)β−
1
2
(
max
{
1, ln(1+t)
} )2 (
t ≥ 0 ).
By using Lemma 8.5, the second and third terms on the right-hand side of
(8.16) are estimated as for α ≥ β˜,
Cα,φ0
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖2L2 dτ
≤ Cα,φ0 (1 + t)α−
3
2
(
max
{
1, ln(1 + t)
} )2
,
(8.17)
Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖
10
3
L2 dτ
≤ Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖2L2 dτ
≤ Cα,φ0 (1 + t)α−
1
2
(
max
{
1, ln(1 + t)
} )2
.
(8.18)
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Substituting (8.17) and (8.18) into (8.16), and choosing α suitably large, we
have
‖ ∂xφ(t) ‖2L2 ≤ Cφ0 (1 + t)−
1
2
(
max
{
1, ln(1 + t)
} )2 (
t ≥ 0 ). (8.19)
Substituting (8.19) into the third term on the right-hand side of (8.16), this
becomes
Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖
10
3
L2 dτ
≤ Cφ0
∫ t
0
(1 + τ)α−
1
2 · 23
(
max
{
1, ln(1 + τ)
} )2· 23 ‖ ∂xφ(τ) ‖2L2 dτ
≤ Cα,φ0 (1 + t)α−
1
2 (
2
3+1)
(
max
{
1, ln(1 + t)
} )2( 23+1).
(8.20)
Also substituting (8.17) and (8.20) into (8.16), and choosing α suitably large
again, we have
‖ ∂xφ(t) ‖2L2 ≤ Cφ0 (1+t)−
1
2 (
2
3+1)
(
max
{
1, ln(1+t)
})2( 23+1) (t ≥ 0). (8.21)
Noting
1
2
(
1 +
2
3
+
(
2
3
)2
+
(
2
3
)3
+ · · ·
)
≤ 3
2
and iterating “∞”-times the above process, we will get
Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖
10
3
L2 dτ
≤ Cα,φ0 (1 + t)
α− 12
∞∑
n=0
(
2
3
)n (
max
{
1, ln(1 + t)
} )2 ∞∑
n=0
(
2
3
)n
≤ Cα,φ0,ǫ (1 + t)α−
3
2+ǫ (ǫ > 0).
(8.22)
Therefore, substituting (8.17) and (8.22) into (8.16), we obtain
(1 + t)α ‖ ∂xφ(t) ‖2L2 +
∫ t
0
(1 + τ)α ‖ ∂2xφ(τ) ‖2L2 dτ
+
∫ t
0
(1 + τ)α
∥∥ (√∂xU r ∂xφ )(τ)∥∥2L2 dτ
≤ Cφ0 ‖ ∂xφ0 ‖2L2 + Cα,φ0,ǫ (1 + t)α−
3
2+ǫ (ǫ > 0).
(8.23)
Further choosing α suitably large to (8.23), we immediately have Lemma 8.4,
(8.14). Therefore, we obtain the desired time-weighted Lq-energy estimate of
∂xφ with 1 ≤ q <∞.
Thus, we complete the proof of Proposition 8.1.
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It remains to show the time-decay estimate of ∂xφ for the case where q =∞.
To show the L∞-estimate of ∂xφ, Noting that ‖ ∂2xφ(t) ‖L2 ≤ Cφ0 for some
Cφ0 > 0, we use the following Gagliardo-Nirenberg inequality:
‖ ∂xφ(t) ‖L∞ ≤ Cq,θ ‖ ∂xφ(t) ‖1−θLq+1‖ ∂2xφ(t) ‖θL2 (8.24)
for any q ∈ [ 1, ∞), θ ∈ (0, 1 ] satisfying
θ
2
=
1− θ
q + 1
.
By using (8.24), we immediately have
‖φ(t) ‖L∞ ≤ Cθ,φ0,ǫ (1 + t)−(
2q+1
2q+2−ǫ)(1−θ)
≤ Cφ0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ) (8.25)
for ǫ > 0. Consequently, we do complete the proof of Lq+1-estimate of ∂xφ with
1 ≤ q ≤ ∞, that is,
‖φ(t) ‖Lq+1 ≤ Cφ0,ǫ (1 + t)−
2q+1
2q+2+ǫ
(
t ≥ 0 ) (8.26)
for any ǫ > 0.
Remark 8.6. Similarly in Remark 7.9, although we use (9.13) instead of the
uniform boundedness of ‖ ∂2xφ ‖L2 to get the better decay rate of ‖ ∂xφ ‖L∞ than
in (8.26), the decay rate only becomes the same as in (8.26).
9. Time-decay estimates IV
This section is a continuation of Section 8. In order to accomplish the proof
of Theorem 3.6, it suffice to show the time-decay estimates for the derivatives ∂tφ
and ∂2xφ. At first, we establish the following time-weighted L
2-energy estimate
to ∂tφ.
Proposition 9.1. Suppose the same assumptions as in Theorem 3.1. For any
q ∈ [ 1, ∞), there exist positive constants α, Cα,φ0 and Cα,φ0,ǫ such that the
unique global in time solution φ of the Cauchy problem (3.4) has the following
Lq+1-energy estimate
(1 + t)α ‖ ∂tφ(t) ‖2L2 +
∫ t
0
(1 + t)α ‖ ∂t∂xφ(t) ‖2L2 dτ
+
∫ t
0
(1 + τ)α
∥∥ (√∂xU r ∂tφ )(τ)∥∥2L2 dτ
≤ Cα,φ0 ‖ ∂tφ0 ‖2L2 + Cα,φ0,ǫ (1 + t)α−
3
2+ǫ
(
t ≥ 0 ),
for any ǫ > 0.
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The proof of Proposition 9.1 is provided by the following Lemma.
Lemma 9.2. For any q ∈ [ 1, ∞), there exist positive constants α and Cφ0
such that
(1 + t)α ‖ ∂tφ(t) ‖2L2 +
∫ t
0
(1 + τ)α ‖ ∂t∂xφ(τ) ‖2L2 dτ
+
∫ t
0
(1 + t)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂tφ |2 ∂xU r dxdτ
≤ Cφ0 ‖ ∂tφ0 ‖2L2 + Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖ ∂tφ(τ) ‖2L2 dτ
+ Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ | | ∂tφ |2 dxdτ
+ Cφ0
∫ t
0
(1 + τ)α
∥∥ (φ∂tU r )(τ)∥∥2L2 dτ
+ Cφ0
∫ t
0
(1 + τ)α ‖ ∂t∂xU r(τ) ‖2L2 dτ
(
t ≥ 0 ).
(9.1)
In what follows, we first prove Lemma 9.2 and finally give the proof of
Proposition 9.1.
Proof of Lemma 9.2. Differentiating the equation in (3.4) with respect to
t, we have
∂2t φ+ ∂t∂x
(
f(φ+ U r)− f(U r) )
− ∂t∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) = ∂t∂x(σ( ∂xU r )). (9.2)
If we perform the computation∫ t
0
(1 + τ)α
∫ ∞
−∞
(9.2)× ∂tφdxdτ (α > 0 )
and after integrate the resultant formula by parts, then we arrive at
1
2
(1 + t)α ‖ ∂tφ(t) ‖2L2
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂x
(
f(φ+ U r)− f(U r) ) dxdτ
−
∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) dxdτ
=
1
2
‖ ∂xφ0 ‖2L2 +
α
2
∫ t
0
(1 + τ)α−1 ‖ ∂tφ(τ) ‖2L2 dτ
+
∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂x
(
σ
(
∂xU
r
) )
dxdτ
(
t ≥ 0 ).
(9.3)
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By using integration by parts, the Young inequality, and the uniform bounded-
ness of ‖φ ‖L∞ and ‖ ∂xφ ‖L∞ , we estimate the second and third terms on the
left-hand side of (9.3) as follows.∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂x
(
f(φ+ U r)− f(U r) ) dxdτ
≥ −
∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂xφ f
′′(φ+ U r) dxdτ
− Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
|φ | | ∂t∂xφ | | ∂tU r | dxdτ
≥ 1
2
∫ t
0
(1 + τ)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂tφ |2 ∂xU r dxdτ
− 1
2
∫ t
0
(1 + τ)α
∫ ∞
−∞
f ′′(φ+ U r) | ∂xφ | | ∂tφ |2 dxdτ
− ǫ
∫ t
0
(1 + τ)α ‖ ∂t∂xφ(τ) ‖2L2 dτ
− Cφ0,ǫ
∫ t
0
(1 + τ)α
∥∥ (φ∂tU r )(τ)∥∥2L2 dτ (ǫ > 0),
(9.4)
−
∫ t
0
(1 + τ)α
∫ ∞
−∞
∂tφ∂t∂x
(
σ
(
∂xφ+ ∂xU
r
)− σ( ∂xU r ) ) dxdτ
≥ C−1
∫ t
0
(1 + τ)α
∫ ∞
−∞
〈 ∂xφ 〉p−1 | ∂t∂xφ |2 dxdτ
− Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂t∂xφ | | ∂t∂xU r | dxdτ
≥ (C−1φ0 − ǫ )
∫ t
0
(1 + τ)α ‖ ∂t∂xφ(τ) ‖2L2 dτ
− Cφ0,ǫ
∫ t
0
(1 + τ)α
∥∥ (φ∂tU r )(τ)∥∥2L2 dτ (ǫ > 0).
(9.5)
Similarly, third term on the right-hand side of (9.3) is estimated as∫ t
0
(1 + τ)α
∣∣∣∣
∫ ∞
−∞
∂tφ∂t∂x
(
σ
(
∂xU
r
))
dx
∣∣∣∣ dτ
≤ ǫ
∫ t
0
(1 + τ)α ‖ ∂t∂xφ(τ) ‖2L2 dτ
+ Cǫ
∫ t
0
(1 + τ)α ‖ ∂t∂xU r(τ) ‖2L2 dτ (ǫ > 0).
(9.6)
Substituting (9.4)-(9.6) into (9.3) and choosing ǫ suitably small, we immediately
have Lemma 9.2.
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By using Lemma 9.2, we now show Proposition 9.1.
Proof of Proposition 9.1. To estimate each terms on the right-hand side
of (9.1), we prepare from (8.23) that
Lemma 9.3. There exists a positive constant β˜ such that for any β ≥ β˜ and
ǫ > 0, ∫ t
0
(1 + τ)β ‖ ∂2xφ(τ) ‖2L2 dτ ≤ Cβ,φ0,ǫ (1 + t)β−
3
2+ǫ
(
t ≥ 0 ).
Noting
| ∂tφ | ≤ Cφ0
( |φ | ∂xU r + | ∂xφ |+ | ∂2xU r |+ | ∂2xφ | )
and using Lemmas 8.4 and 9.3, we estimate the second term on the right-hand
side of (9.1) as follows: for any ǫ > 0 and α≫ 1,
Cφ0 · α
∫ t
0
(1 + τ)α−1 ‖ ∂tφ(τ) ‖2L2 dτ
≤ Cα,φ0
∫ t
0
(1 + τ)α−1
∥∥ (φ∂xU r )(τ)∥∥2L2 dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1 ‖ ∂xφ(τ) ‖2H1 dτ
+ Cα,φ0
∫ t
0
(1 + τ)α−1 ‖ ∂2xU r(τ) ‖2L2 dτ
≤ Cα,φ0,ǫ (1 + t)α−
3
2+ǫ.
(9.7)
From (9.7), we immediately have
Lemma 9.4. There exists a positive constant β˜ such that for any β ≥ β˜ and
ǫ > 0, ∫ t
0
(1 + τ)β ‖ ∂tφ(τ) ‖2L2 dτ ≤ Cβ,φ0,ǫ (1 + t)β−
1
2+ǫ
(
t ≥ 0 ).
By using the Lemma 9.4, the third term on the right-hand side of (9.1) is
estimated as follows: for any ǫ > 0 and α≫ 1,
Cφ0
∫ t
0
(1 + τ)α
∫ ∞
−∞
| ∂xφ | | ∂tφ |2 dxdτ
≤ Cφ0
∫ t
0
(1 + τ)α ‖ ∂xφ(τ) ‖L∞ ‖ ∂tφ(τ) ‖2L2 dτ
≤ Cφ0,ǫ
∫ t
0
(1 + τ)α−1+ǫ ‖ ∂tφ(τ) ‖2L2 dτ
≤ Cα,φ0,ǫ (1 + t)α−
3
2+2ǫ.
(9.8)
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Also the fourth and fifth terms on the right-hand side of (9.1) is estimated as
follows: for any ǫ > 0 and α≫ 1,
Cφ0
∫ t
0
(1 + τ)α
∥∥ (φ∂tU r )(τ)∥∥2L2 dτ
≤ Cφ0
∫ t
0
(1 + τ)α
∥∥ (φ∂xU r )(τ)∥∥2L2 dτ
≤ Cα,φ0 (1 + t)α−
3
2
(
max
{
1, ln(1 + t)
} )2
,
(9.9)
Cφ0
∫ t
0
(1 + τ)α ‖ ∂t∂xU r(τ) ‖2L2 dτ
≤ Cφ0
∫ t
0
(1 + τ)α
(
‖ ∂xU r(τ) ‖4L4 + ‖ ∂2xU r(τ) ‖2L2
)
dτ
≤ Cα,φ0 (1 + t)α−
3
2 .
(9.10)
Substituting (9.7)-(9.10) into (9.1), we obtain the desired time-weighted L2-
energy estimate of ∂tφ.
Thus, the proof of Proposition 9.1 is completed.
To complete the proof of Theorem 3.8, we finally obtain the time-decay
estimate of ∂2xφ. By using that for any ǫ > 0,
‖ ∂tφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ) (9.11)
from Proposition 9.1, we obtain the time-decay estimate of ∂2xφ as follows.
‖ ∂2xφ(t) ‖2L2
≤ Cφ0
(
‖ ∂tφ(t) ‖2L2 +
∥∥ (φ∂xU r )(t)∥∥2L2 + ‖ ∂xφ(t) ‖L2 + ‖ ∂2xU r(t) ‖2L2
)
≤ Cφ0,ǫ (1 + t)−
3
2+ǫ (ǫ > 0),
(9.12)
that is,
‖ ∂2xφ(t) ‖L2 ≤ Cφ0,ǫ (1 + t)−
3
4+ǫ
(
t ≥ 0 ) (9.13)
for any ǫ > 0.
Thus, the proof of Theorem 3.8 is completed.
10. Conservation law wothout convective flux
In this section, we finally consider the global structure of the conservation
law without convective flux, and compare the structure with theorems in Section
1.
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At first, we consider the following Cauchy problem for the non-convective
viscous conservation law{
∂tu− ∂x
(
σ(∂xu)
)
= 0
(
t > 0, x ∈ R ),
u(0, x) = u0(x)→ u˜ (x→ ±∞).
(10.1)
By the similar arguments as on previous sections, because we need controll the
terms from convective flux no longer, such as the first term on the right-hand
side of (4.1) and the second term on the left-hand side of (5.2), we particularly
note that, in any cases for p > 0, we can get the uniform boundedness of
‖ ∂xu ‖L∞ (cf. Lemma 5.3). Namely, for any p > 0,
‖ ∂xu(t) ‖L∞ ≤ Cu0
(
t ∈ [ 0, T ] ).
Therefore, we can obtein the global structure for any p > 0 of the solution to
(10.1) as follows.
Theorem 10.1. Assume the viscous flux σ ∈ C2(R), (1.2), (1.3) and p > 0.
Further assume the initial data satisfy u0 − u˜ ∈ H2. Then the Cauchy problem
(1.1) has a unique global in time solution u satisfying

u− u˜ ∈ C0 ∩ L∞([ 0, ∞ ) ;H2 ),
∂xu ∈ L2
(
0, ∞ ;H2 ),
∂tu ∈ C0 ∩ L∞
(
[ 0, ∞ ) ;L2 ) ∩ L2( 0, ∞ ;H1 ),
and the asymptotic behavior

lim
t→∞
sup
x∈R
|u(t, x)− u˜ | = 0, lim
t→∞
sup
x∈R
| ∂xu(t, x) | = 0,
lim
t→∞
‖ ∂xu(t) ‖H1 = 0, lim
t→∞
‖ ∂tu(t) ‖L2 = 0.
The decay results correspond to Theorem 10.1 are the following.
Theorem 10.2. Under the same assumptions as in Theorem 10.1, the unique
global in time solution u of the Cauchy problem (10.1) has the following time-
decay estimates{
‖ u(t)− u˜ ‖Lq ≤ Cu0 (1 + t)−
1
4 (1− 2q )
(
t ≥ 0 ),
‖ u(t)− u˜ ‖L∞ ≤ Cu0,ǫ (1 + t)−
1
4+ǫ
(
t ≥ 0 ),
for q ∈ [ 2, ∞) and any ǫ > 0.
Theorem 10.3. Under the same assumptions as in Theorem 10.1, if the
initial data further satisfies u0− u˜ ∈ L1, then the unique global in time solution
u of the Cauchy problem (10.1) has the following time-growth and time-decay
estimates 

‖ u(t)− u˜ ‖L1 ≤ ‖ u0 − u˜ ‖L1
(
t ≥ 0 ),
‖ u(t)− u˜ ‖Lq ≤ Cu0 (1 + t)−
1
2 (1− 1q )
(
t ≥ 0 ),
‖ u(t)− u˜ ‖L∞ ≤ Cu0,ǫ (1 + t)−
1
2+ǫ
(
t ≥ 0 ),
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for q ∈ (1, ∞) and any ǫ > 0.
Theorem 10.4. Under the same assumptions as in Theorem 10.1, the unique
global in time solution u of the Cauchy problem (10.1) has the following time-
decay estimates for the derivatives

‖ ∂xu(t) ‖Lq+1 ≤ Cu0 (1 + t)−
2q+1
2q+2
(
t ≥ 0 ),
‖ ∂xu(t) ‖L∞ ≤ Cu0,ǫ (1 + t)−1+ǫ
(
t ≥ 0 ),
‖ ∂tu(t) ‖L2 ≤ Cu0 (1 + t)−
3
4
(
t ≥ 0 ),
‖ ∂2xu(t) ‖L2 ≤ Cu0 (1 + t)−
3
4
(
t ≥ 0 ),
for q ∈ (1, ∞) and any ǫ > 0.
From above Theorems 10.1-10.4, we easily see that the global structures in
Theorems 1.1-1.8 are almost the same as in the case where f(u) ≡ 0, that is
Theorems 10.1-10.4 (see also Remarks 1.9 and 1.10).
Next, we compare the decay results in theorems in both Sections 1 and 10
with the viscous contact wave (1.11) considered in [37], [46], [52], as a typical
example of the exact solution to the non-convective conservation law, that is
U
(
x√
t
; u−, u+
)
:= u− +
u+ − u−√
π
∫ x√
4µt
−∞
e−ξ
2
dξ, (10.2)
where µ > 0 and u− < u+. The above viscous contact wave is the unique
C∞-solution to the following Cauchy problem

∂tU − µ∂2xU = 0
(
t > 0, x ∈ R ),
U(0, x) = uR0 (x ; u−, u+) =
{
u− (x < 0),
u+ (x > 0),
lim
x→±∞
U(t, x) = u±
(
t ≥ 0 ),
(10.3)
and has the following optimal time-decay properties.
‖ ∂xU(t) ‖Lr ∼ (1 + t)− 12 (1− 1r )
(
t ≥ 0 ),
‖ ∂tU(t) ‖L2 ∼ (1 + t)− 34
(
t ≥ 0 ),
‖ ∂2xU(t) ‖L2 ∼ (1 + t)−
3
4
(
t ≥ 0 ),
(10.4)
for any r ∈ [ 1, ∞ ], where we note that these time-decay rates fully coinside
with the time-decay rates of the viscous contact wave (1.12) of the p-Laplacian
evolution equation considered in [48], [49], [50], when p = 1 (for p > 1, the
precise time-decay properties are given in [50]).
From (10.4), we also easily see that the time-decay rates in L2-norm of ∂tU
and ∂2xU are almost the same as in L
2-norm of ∂tu and ∂
2
xu in Theorems 1.4 and
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10.4, and in L2-norm of ∂2xu−∂2xur, ∂tu−∂tU r and ∂2xu−∂2xU r in Theorem 1.8.
Besides, it is interesting that the time-decay rates in Lr-norm with 1 ≤ r ≤ ∞
of ∂xU is almost the same as in L
r-norm of u and u− U r in Theorems 1.3, 1.7
and 10.3 (see also the arguments in [44], [45], [47]).
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